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1.0 OBJECTIVE

The research performed under thi s contract is directed toward an under-

standing of plasma processes in boundary and electrode regions. The

aim is to develop a self-consistent theory combining electron and ion kinet-

ics in the presence of strong field and density gradients with the boundary

layer equations of gasdynamics. The present study has direct application

to problems in high-pressure, flowing gas discharges and in MHD power

generators.

In electric discharges , the development of arcs and nonuniform current

distributions begins at the electrodes. The interaction between a thermal

boundary layer and the space-charge sheath adjacent to electrodes and other

solid boundaries is there fore  cr i t ical  to the determination of e lectr ic  d i schf t rge

stability and uniformity~ If an understanding of the basic processes  in th ese

regions can be achieved , it may be possible to extend the useful operating

range of discharge-pumped devices to higher power densities and longer

pulses.

In an MHD generator , the internal voltage losses across the boundary

layer and sheath limit the energy conversion efficiency. Current con-

strictions on the electrodes can cause surface deterioration. An under-

standing of the collisional sheath and boundary layer problems will lead

to improved system designs.

I
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2. 0 SUMMAR Y

In the first quarter, a literature search was performed to identify relevant

theories and to evaluate their applicability to the present study. The important

processes which must be included in a sell-consistent model of the plasma

sheath were identified. The Boltzmann equation for electrons in a 
nonuniform

field was derived in a form amenable to numerical solution.

In the second qua rter , a computer program was developed to model the electron

kinetics in a highly nonuniform electric field. Cases were run in several

gases using a constant field for comparison with previous 
Monte Carlo solu-

tions• The nonequilibrium character of the electron energy distributi on was

clearly demonstrated, thus pointing out the limitations of 
earlier sheath

models. The equations for electric field and ion kinetics were formulated for

use in a fully self-consistent solution of the cathode sheath.

In the third quarter, the evolution of electron energy 
distributions in the

cathode fall and negative glow was examined by assuming a linearly falling

electric field followed by a zero-field drift  reg ion. The results agree well

with experimental distributions measured at the edge of the cathode fall.

RecombinatiOn and attachment were included in the model but only had a sig-

V nificant effect in the negative glow. Analytic solutions to the Boltzmann

equation were derived for  a specific choice of cross sections in order to

test some of the angula r approximations used in the code.

In the fourth quarter, cathode sheath characteristics were de rived using the

linear field approximation. It was found that the usual scaling laws apply

in te rms of the reduced pressure at the cathode surface. Gas heating in the

sheath was examined and the temperature distribution was calculated. For

subsonic flow s, the principal cooling mechanism is conduction to the cathode

2

~~~~ _  

‘S

—— —~~ - V. 

-. — - V V V - V. -



V -V - V -~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
-- -~~~~

sur face .  In this reg ime, the boundary laye r problem can be separated from

the sheath problem. A computer program for the solution of the bounda ry laye r

equations including gas heating was described.

In the last qua rter , numerical calculations of the tempe rature distribution

in the cathode sheath and boundary layer were presented. The temperature

rise across the sheath was shown to increase linearly with pressure. An

analysis was made of the thermal stability at the cathode surface. A critical

current  density was found at which the surfa ce temperature and electric

field increase until arcing occurs. Thi s event can be forstalled by cooling

the electrode and by the use of a buffe r gas with high thermal conductivity.

Auxiliary ionization and field tailoring, which are designed to eliminate ion-

ization instabilitie s and maintain constant E/N  in the positive column, affect

the sheath only through the imposed local cur rent density and do not sig-

nificantly alte r sheath characte ristics.
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3.0 INTRODUCTION

The problem as stated in Section 1. 0 is to develop a self-consistent theory

of plasma processes in boundary and electrode regions. The approach taken
under this contract consists of two basic parts: First, a refinement of the
existing theories of the sheath and cathode fall regions to include the effects
of field and density gradients and the anisotropy of the electron velocity dis-

tribution; then , a coupling to the gas dynamic equations wi th transverse flow
to study the growth of boundary layer thi ckness and the effect of convective
cooling on sheath structure. The basic processes which must be included in
this model are described below.

I

A plasma consists of electrons, ions , and neutral particle s in the presence
of electric and/or magnetic fields. If the gas is weakly ionized , and all
collisions are binary encounters , the particles are completely described by
distribution functions which satisf y a Boltzmann equation with the appropriate
Loreritz force and collision term. In most practi cal cases , the distribution
function for neutral particles is close to the equilibrium-Maxwellian form ,
so that moment equations can be used to describe the local gas properties

in terms of an average density, flow velocity and temperature. For a sheath

imbedded in a turbulent boundary layer, the effects of viscosity and thermal
conductivity must be included along with a source te rm for  gas heating.

Because of their mass, the ions can also be described by moment equations ,
with the inclusion of relevant production and loss processes, momentum and
energy transfer to neutrals, and Joule heating. However, due to thei r greate r
mobility and resulting nonequilibrium behavior, the electrons must be dealt
with in terms of the full space and velocity distribution function. Electrons
play a dominant role in determining sheath structure . Consequently, their
accurate description is considered an e6sential part of the present study.
The electron velocity distribution must be obtained from a nume rical solution
of the collisional Boltzmann equation without the usual angular approximation.
The treatment of electron and ion kinetics must be sell-consistent with the

H
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solution of Poisson t s equation for the electric field. In the presence of an

applied magnetic field , additional field equations are required along with a

modified Lorent z force term.

3. 1 Litera ture  Search

A l i terature search was conducted covering the areas of nonequilibriu.m

electron kinetics and collision-dominated sheaths. The list of references

presented is meant to be more representative than exhaustive. Preference

was given to the most recent papers and the latest work of a given author.

Studies of the turbulent boundary layer which did not treat electric sheaths

were not included. The considerable research on electric probe theory

was also not considered immediately applicable. Only one pape r was

found’ which analyzed the interaction between sheath and boundary layer.

The results of that work will be incorporated into the present study.

The term t inonequilibriurn electron kinetics ” refers to eithe r spatial or

temporal nonequilibrium as occurs , for example, in the Townsend dis-

charge and in streame r development, respectively. In eithe r case , the

electron energy distribution is not completely specified by the local elec-

tric field and gas density but mus t be considered in the full context of

spatial or temporal growth.  Studies of electron kinetics can be broken
5, 10 , 12 , 13, 15, 17

into two major group s, 1) those based on Monte Carlo simulation .

and 2) those based on analysis of the Boltzmann equation~ ’ 6 , 7. 11, 14, 16

4, 5, 8
They include several detailed comparisons of the two methods. Most-of

the calculations were based on a uniform electric field , except for  one assuming

a logarithmic9 and one a linear ’0 dependence. There were only two papers

involving the self-consistent treatment of nonequilibriurn electron kinetics

w i t h  the field equations. One was a Monte Carlo simulation of the temporal

development of electron avalanches or streamers. 
13 The other was a study

of a low-pressure plasma diode using the Krook model to describe the col-

lision term in the Boltzmann equation. 
14 

These theories will be discussed in

the following section. -
‘
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The subject of collision-dominated sheaths was broadened to include othe r

situations involving the interaction between a plasma and space-charge-

induced fields. The papers in this category can be divided roug hly into
l.~, 20 , 24 , 26-30

two groups , 1) analyses of steady-s ta te  sheaths and 2)siniula-

-
‘ tions of discharge initiation 19’ 

22 , 25 and glow-to-arc transitions~~
1 ’ 23 Both prob-

[ems involve the same system of equations and there is little difference in the

general  method of solution. Only the assumptions made and the processes included

different ia te  these studies. All treatment s are based on the use of moment

equations to describe the electrons and ions. Some consider gas heating

effects~~ . Others include an external ionization source~
0 ’ 24 , 27 Most models

deal with only one spatial dimension ( except References 18, 21 , and 23 ,which

conside r two). The applicability of these approaches to the present study will

be addressed in the following section .

3. 2 Evaluation of Appropriate Theories

The theories identified in the l i terature search and listed in Secti on 3. 4

will now be evaluated on the basis of thei r potential in meeting the require-

ments of the present  stud y. The requirements are as follows:

a) The system of equations must include as a minimL.u , the

Poisson equation for the electric field , the collisi~.~~a Boltz-

mann equation for electrons , the moment equations for  ions

and the boundary layer equations for the neutral gas. The

kinetic equations for electrons and ions may be replaced by

Monte Carlo simulation with an appropriate collision model.

b) The theory must  consider the proper boundary conditions at

the wall-sheath interface and at the sheath-plasma in ter face .

The sheath-plasma boundary conditions may be omitted

if the calculations are continued to the opposite wall or elec-

trode.

A 6
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c) The solution must be obtainable in two spatial dimensions

with full , self-consistent coupling between 411 equations .

d) The treatment of electron kinetics must utilize realistic

cross sections, including angular dependence , a sour ce

term for external ionization and loss terms for  attach-

ment and re combination.

e) The equations for ion kinetics must include the iner tia

term, charge exchange , and the same production-loss

terms as for elec t rons.

f) The boundary layer equations must consider gas heating

in the sheath, as well as heat conduction to the wall.

g) Since the computer code is to be used in a parametric

mapping of sheath characteristics over quite a broad

parameter space, it must be reasonably economical in

the use of central processor memory and time.

First, a comparison will be made between Boltzmann and Monte Carlo

techniques. Although the two approaches are mathematically equivalent,

there are important economic and scientific differences. Economically,

the Monte Carlo methods are very costly as far as computer time is con-

cerned . NC) quantitative comparisons were found , but all authors who

tried both, found the Monte Carlo simulation to be much more time con-

suming than a Boltzmann analysis. Scientifically, the Boltzmann approach

gives a greater insi ght into the physics of a particla r situation. Approx-

imate solutions can be found anal yticall y which illustrate the dependence

on relevant parameters , and the sensitivity to changes in input data can

be more easil y determined.  Also , exact ana lytic solutions in certain

situations provide a benchmark  for  numerical  results .  The princi pal

advantage of the Monte Carlo method is the ease with which it can be form-

ulated into a computer  code.

- 1  7
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Recent solutions of the Boltzmann equation have dealt with the problem of

electron swarm motion in a uniform electric field , when ionization and/or
4 , 8attachment are appreciable . These studies treat the effect of electron

density gradients by an expansion in higher-order  spatial derivatives.

(The present author has calculated the diffusion coefficients for these

hig h e r - o r d e r  terms in argon at l~ w values of E/ N , where  electron impact

ionization is neg ligible .
36 ) Using this approach, the electron density in

an avalanche or swarm can be described by an expanded continuity equa-

tion with position- and time - independent coefficients. A comparison with
5, 8

Monte Carlo results indicates excellent agreement.

The technique described above is not immediately applicable to the sheath

problem, because of the assumption of a uniform electric field . An exten-

sion of the method to include spatial gradients of the field does not appear
7

practical.  A more feasible approach , outlined by Allis, involves a

direct  solution of the Boltzmann equation without expansion. He derives

an equation for the flux of electrons in the two-dimensional space (W , V),

where W is the total electron energy and V is the electric potential. This

approach neg lects the sr ec i f i c  angular dependence of the distr ibution func-

tion and hence prevents the use of diffe rential cross sections . We

propose to include a third independent variable defining the component of

electron motion in the field direction and to solve the Boltzmann equation

numerical ly. This method will be discussed in the following secti c’n.

A technique similar to the one proposed here has been used by Fournier ,

et a16 to anal yze the cathode region of a g low discharge.  His work has

not been published in detail , so it is not clear what calculational methods

were used or what assumptions were  made. P re l im ina ry  resul t s

indicate that thi s method provides an accurate  descr i ption of the electron

kinetics in a sheath. Other approaches 3’ ‘
~ which make simp lif ying assump-

tions in order  to ease the numerical calculation are useful in understanding

the physics  of a situation and in arr iving at analytic expressions for trans-

8
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port  and ionization coefficients but are  not considered accurate enoug h or . 
V

general enoug h for  the present  stud y.

An analysis  which comes very  close to meeting the requirements of our

model for  electron and ion kinetics was presented by Whipp le, et al~
4

They obtained a self-cons i stent solution of the Boltzmann equation for

electrons and ions along with Poisson ’s equation, in a low-pressure  plasma

diode. The main shortcoming of thi s work was the use of an inverse  f ifth

power law potential to descr ibe collisions between charged particles and

neu t ra l s .  The method of solution , however , involves a nested i terat ion

scheme which should work  equall y well with the more accurate collision

te rm required here .

The anal yses  of col l i s ion-dominated sheaths cove r a variety of special

si tu ations , f r o m  MHD ge n e r a t o r s  to gas d i scha rges , f r o m  the cathode

fall region to the positive column, both t r ans ien t  and stead y state.  The

equations used to descri be th e plasma , howeve r , d i f f e r  l i t t le f r o m  one

t rea tment  to the next . The methods of solution depend on geomet ry  and

t ime scale , but qual i ta t ive l y a re  very  s imi l a r .  The pr inc ipa l  drawback

in all cases is in the t rea tment  of electron k ine t i c s .  The use of moment

equations with  equ i l ib r ium c o e f f i c i e n t s  is more accura te  in some situations

than in o the r s  but a lways  fa l ls  shor t  of p rov id ing  a complete model.

What  all the s tudies  have shown is that  in t i -eat ing sheaths  and s t r eamers ,

i t is i m p o r t a n t  to cons ide r  n e u t r a l  d e n s i t y  va r i a t ions , space charge  induced

f i e ld s  and nonequilibr iun i elec t ron  k i n e t i c s .  However , t hese e f fec t s  have

neve r been b roug ht toget he r  into a sing le , un i f i ed  t h e o r y  of the p lasma sheath.

The onl y s ign i f i can t  addition to the model of the cathode fall since Ward’ s

ear l y work 29 ’ 30 has been the inclusion of an external  source term~
0’ 24 , 27

The recent  renewal  of i n t e r e s t  in the problem 2 ’ ~ 6 should lead to signifi-

cant cont r ibu t ions  in the near  fu ture .

j  9
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4.0 MATHEMATICAL MODEL

The equations describing electron and ion kinetics in an electric field are pre-

sented below. The Boltzmann collision term for electrons is derived in its
V full angula r dependent form so as to be applicable in the case of strongly

anisotropic distributions. Elastic and inelastic collisions are treated along

with various electron production and loss processes. The continuity and

momentum equations for positive and negative ions are modified to include a

sour ce term. The gas dynamic equations will be presented in Section 5. 2.

4. 1 The Boltzmann Equation

The dis tr ibu tion function , f(~~ Z~ 
t) , provides a complete statistical descrip-

tion of the electrons in a weakl y-ionized ga s. The number  of electrons in

the volume element (~~~74~d1) wit h velocities in the range (~~~ +d~) at time

t is given by f(~~ ~~ t) d~’~d~~dt. The equation which descr ibes  the evolution

of this function in space and time is the collisional Boltzmarin equation ,

of —~~~ -~~~ I a f \
_ _ _ _  + c 

~
‘r~ 

+ a = at 1 (1)

C

where ~~ is the acceleration due to electric and magnetic field s. In general,

—~~ . e —~a = - — ( E  + c x B )  (2)m

where e is the absolute value of the electronic charge. The term on the

right in Equation (1) represents the change in f due to collisions and will be

described in detail below.

If we consider for the moment, variations in one spat ia ldimension , with

axis antiparal lel  to the applied electric field , then Equation (1) can be

rewritten for f(c, cy. 
‘,i) as

O f  e O f I a f ~c — + — E(y) — = I I ( 3 )Y O y  m Ocy
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where  E(y) is the magnitude of the local electric field . By dividing both sides

of Equation (3) by c and eE(y)  we have ,

+ = 
1 (Of

)04 ec E(y)
y C

where  0 ef E(y) dy is the electron potential energy and 4 = + mc 2

is the electron ° kinetic energy  in the field direction.  LI we define the

total kinetic energy  as E = -f mc
2 , then I can be represented as the sum

of two functions , f (  E , 4 , 0)  and E , 6,0), for  the distr ibution of electrons

moving with ( C
y 

< 0) and against  ( c~ > 0) the electr ic field , respectively .

In the absence of collisions , f is constant along the lines 4 - 0 = const.

These are known as the cha rac t e r i s t i c s  and also correspond to electron

t ra jec tor ies  in the two-dimensional space ( 4 ,0)  . When collisions are

included , the t e rm on the rig ht in Equation (4 )  r ep resen t s  the change in

f along the charac ter i s tics . As we shall see be low , the collision term is

a comp licated funct ion of f and the various c ros s  sections . The present

method of solut ion wi l t  be to es t imate  f , use thi s in evaluating the colli-

sion te rm , and then in tegra te  Equation (4)  along the cha r ac te r i s t i c s .  The

dis t r ibut ion function thus obtained becomes the next est imate in an iterative

procedure  which continues until  convergence  is reached . This techni que

has been used in similar  s i tuat ions  by the p re sen t  author3’ and others
33 ’ ~~

with considerable success .

The boundary conditions for  are g iven at 0 =  0 and those for  f at

0 0 .  The funct ion  
~~~~~~~~~~~ 

4 , 0) may represen t  the d is t r ibut ion  of

e lec t rons  ejected f rom a cathode sur face  by ion impac t , or it may equal

zero for a nonemitting surface. The function f ( E , 6 , 0 ) is ei ther
- max

the d i s t r ibu t ion  of electrons at the head of the positive column (0 =max
or at the anode ( f  = 0),  or along an axi s of symmet ry  (f = 

~÷~~• Along

the locus of turning points , 4 = 0 , the condition f~~~ ( E , 0,0) = f(E , 0 ,0 )

app lies .
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Boltzmann Collision Term

The collision te rm in the Boltzmann equation represents  the rate at which

electrons are  scat tered into or out of a given region of phase s pace as a

resul t  of collisions with ions , neutrals , or othe r electrons . For the pres-

ent, we shall consider  onl y collisions with neutral  p~~ tid es and recom-

bination with positive ions. The neu t ra l  pa r t i c le  reactions include ela sti c ,

inelastic and superelast ic scat ter ing,  ionization and at tachment.  The

first three processes result in a change of phase space coordinates for a

sing le electron , whereas the second two processes involve the creation or

remova l of an electron . Positive ion recombination also involves the loss

of an electron. The collision term is then the sum of contributi ons from

the various processes , i . e .

/ O f \  / a f \  / a f \  I ai\  ( a f \  / ai\
I.. a t) ~ 

+ 

~~~~“h 
+ + + k 

r 

(5 )

The individual terms will now be der ived.

a)  Elastic Collisions:

The number of electrons per  uni t  volume with velocities in the range

(
~~ ~~~~

‘
~
- d~~) which are  scat tered throug h an ang le ( V ,  cb ) into the solid

ang le dw by elastic collisions with molecules in the range  (C , C + d C )

in a time interval dt is,

dn = f (~~~d~~F(~ T ~~~ g 
~~~~~~ 

dw dt (6)

where g is the magnitude of the relat ive velocity and ~~ (y ,  g) is t h e  differ-

ential elastic cross section . The scattering is defined by a polar ang le
V and azimuth ang le 1i’ which g ive the rotation of the relative velocity in

the center  of mass coordinate sys tem.  The funct ions  1(c) and F(C)  are

the velocity d is t r ibut ions  of the electrons and molecules respectively. (The

spatial dependence has been suppressed here since all collisions are considered
point encounters involving no chang e in position. ) The rate of change of

the d i s t r ibu t ion  function is found by dividing dn by d~~and dt.
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Cons ider now a background gas wh ich is per f ec tly cold , i. e. F(C) =

N 5(C).  Thi s is an excellent approximation in describing collisions

be tween electrons and heavy particles when the electron mean energy is

muc h greate r than the gas thermal energy.  The relative velocity, g, is

now equal to the initial electron velocity, c. Af te r  integrat ing Equation(6)

V over C we have ,

dn
f (c ) Nc le( V , c) dw (7)

dc dt

where
dt~s = sin )’ d V d ~I’

Each collision term can be divided into two parts , one being the rate at

which electrons are  scattered out of a given element in velocity space and

the other being the rate at which they are scattered in. The rate of scatte r-

ing out can be found from Equation (7) by integ rating ove r all possible

scattering ang les. This g ives ,

(ii ) = f(~~5 NCQ (c) (8)
e, out

where Q
e

( C )  = 
f O (  

V, c) dw

Th e num be r of elec t ron s sca t te r ed into the inte r val (
~~

‘
~ 
c~+ d~~ is just

the sum of electrons scattered out of all other intervals (~~j ,  tj + d~”j )
which have final velocities in (

~~ ~
‘+d ~c). That is,

f~f) Jd~’i f(~ ’j ) Nc iJd (.) G e (V , c i ) d ( ~
’
~~~~ ( 9)

whe re is the final velocity of an electron with initial velocity ~~~. The

delta function in Equation (9) is given in cylindrical coordinated by

5(c .c)5 (9 - R ) o ( Ø  -0 )
= 

2 ?. 
~_~:~._ __ (10) —

c~~ sin 62

I
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For an elas tic encount er wi th a s tationa r y target ,
1/2

= - (M+m) ( 1  - cosV) ] (1 1)
~2 ~1 [ ‘ 2Mm

V M
and c cos 9 = c cos 9 + c (cosO cos V + sinB sin) ’ cos ~,b )

2 2 M+m 1 1 M+m l 1 1
(12)

where m and M are the masses of the electron and the molecule respectively.

We now change the va riab le of integ ra t ion in Equation ( 9 ) from c1 to c2

and expand all functions of c 1 in a Taylor series around c2, since c1-c 2

is of order rn / M  which is small. Thus,

dc 1 
- [i +-~~~~

-- ( I  - cosV ) ] dc2 ( 13)

and c 1
3f(c 1, 

~~ 
c (  Y ,c 1 ) c2

3 f(c2, 01)ø ( V , c2)

~ r ~ )‘, c) l (14)+ ( c
1 -c2) 

—
~~~ L’ 

f(c, 8 1 ) 
~~ -‘c =

with c 1 
- c2 

— c2—~~— (l-cosV) (15)

Using these expressions in Equation ( 9  ) and in tegrat ing over  c , and 02,
we have

( O f )  NJsinO1 d9
1 

f(c , 81 ) c  fdc~ Q ( V , C)‘ a t e j~ 
sinO

2

m N ~ ~ fsin O1dO 1 f ( c , O
1 J fdw (1-cosV) 

~~~ 
V , c) ~+ — —--~-— c (16)M Cc sin 8 2

Th e second term on the right is a result of the small amount of energy trans-

f e r r ed  f rom the electron to the t arget  in the form of recoil motion .

b) Inelastic Collisions:

Since the rate of scat tering out is independent of the final electron velocity,

we have , in direct  analogy with the elastic case ,

( ~~ 
Nf(c , 8)  cQ h

(c)  (17)1!)
h, out
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where Q
h

(C)  = fch
( V ,c) dW for each inelastic process.  ( There is an

implied summation over h when more than one inelastic process ex is t s . )

In an inelastic collision the final velocity is related to the initial velocity

by ,
1 2 1 2-~-m c 2 = -

~~
- mc 1 - E

h 
(18)

where is the kineti c energy t ransferred  to internal energy of the mole-

cule. ( Here recoil has been neg lec ted for inelastic collisions. It can be

included along with the recoil term for elastic scattering if necessary .)

From this relation it follows that c 1dc 1 -= c2dc 2. We can now replace 0e wi th

in Equation (9) and integ rate ove r C
2 
and to obtain,

(
~

)
~ 

N ~~~ fsinO i dO i f(c÷
, 
~~ 

fdw ~~ ( V ,c~ ) ~ ~~~~~~
, in stn ø2 

(

The angles before and af ter  the collision are  related by,

c cos = c~ (cos8 1 cos V + sin 91 sin)’ cos ‘I’ ) .  (20)

1 2 1 2
w here ~~mc + = -~-mc + E h

c) Superelast ic  Collisions:

The superelastic collision term is obtained from the corresponding inelastic

collision term by changing 
~h to - . Q}~ to 

~ 
and N to N*. The

reverse  c ros s  sec tion , is re lated to the f o r w a r d  by de tailed balance ,

i . e .  
c 1 j (  V. c 1) - C

z 
C~( V ~ c2) 

(21)

1 2 1 2
where ~~mc 2 j  mc 1 + . 

(2 2)
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Using these expressions in Equations (17)and (19) we have ,

= N*f(c , 8)  c
+

Q
~

(c
÷

) (23)

6 ( 8  - 8 )
and = N * c _ Jsin o1do 1f(c .. 0 1)fdcJ  ch(V. c) 

sin

2

9~~~ 
(24)

1 2 1 2
where ~~ mc~ = j- mc *

d) Ionizing Collisions:

First , we define the probability per unit time that an electron with velocity

c 1 making an ionizing collision produces an electron (scattered or ejected)

with velocity in the range (c 2, c2+dc 2 ) as ,

Nc 1 Q(c 1, c2 ) d c 2

Then , by conservation of energy,  another electron is also produced with

velocity c
3 g iven by,

1 2 1 2 1 2
z mc

3 
= 

2
mc

1 
- 

2 mc 2 
- E . (25)

where E . is the ionization energy.  (We have assumed for the present  that

the scattered and ejected electrons are produced isotropicall y. )  The collision

term for scattering out by ionizing collisions is then

c - /vu-

(
~~) 

= Nf(c , 9 )  c _f Q . (c ,c2) dc
2 (26)

i,out 0

where as before , -f mc~ = -f me 2 ~ E . . The upper limit of integrati on

is the velocity at which the scattered and ejected electrons ha~te equal energy.

Above this value , we begin counting the same events over again..
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The collision term for electrons scattered into the range (c , c+dc) is, by

analogy wi th the inelastic term ,

(f). . 
= ~~~f

sin 9i dO1 
f

f ( c i. 8~ ) ~~ Q. (c1, c)dc
1 (2 7)

1,1-n

The integration is carr ied out over all velocities which can contribute to

the population at c.

e) Attachment and Recombination :

These processes  result  in the loss of an electron , so the only effect on the

distr ibution function is ,

(fL) = N f ( c ,9 )  c 
~~~~~~ 

+ ‘
~r~~~

] (28)
a , r , out

Now the Boltzmann collision term is equal to the sum of all contributions

scattered in , minus the sum of those scattered out.

All of the terms representing electrons scattered into the interval (
~~ ~~ + cia)

involve an integration over the scatte ring ang le , Y , the angle before collision,

and a delta function spe cif ying the orientation afte r the collision 0

For example, the elastic te rm neg lecting recoil is ,

I 
(~~~~ ) = NJsin 

~l dO 1 dO 1 f(c ,e1)j d~~ 0
e~~

P
~ 

c) sin O 
- (29)

e, in 2

The delta function can be eliminated by noting that d~~~ = sin 82 dO 2 dO 2
and performing the integration ove r 9

~ 
and 0

~
. Thus ,

~~~ (
~f) . 

= Nfsin 
~ l dO 1 dØ 1 

f(c , 
~~~ 

0e~~
’
~ 

c)  (30)
e,in

whe re cosV = cos O
1

cosØ + sin 91 sin8 cos(0 1 -0). A similar transfor-
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mation can be made on the remaining scattered-in collision te rms.  Given

a di f fe rential cr oss section , Ce~ 
the integral in Equation (30) can be thought

of as an operato r , Ke~ 
acting on f. Then , if we define an operato r , K , as

the sum of operators for each collision process, we can write Equation (4)

as

Of Of 1 ~~ l/2

~~ ~~~~ e E/N(Q) {K - Q ( E ) }  f (31)

where Q( E )  is the total cross section for electrons with kinetic ene rgy,

= ~ + ~7.

The opera tor , K, acts in the two-dimensional space (
~~
, 17 ), i. e. the value

of Kf on the plane cP = c7 is independent of the values of f for cP 
~ 

Thus

K can be represented numericall y as a four-dimensional matrix. Since the

range in each dimension must be subdivided into at least 100 intervals , the

storage of such a matrix is completely out of the question. The functions Kf

and f , defined in te rm s of three independent variables, would require three-

dimensional arrays for their storage , also hi g hly impractical. Howeve r ,

the function f does not have to be saved from one iteration to the next in

solving Equation (31). Only Kf must be stored, and this can be done by making

a simplif y ing assumption. In most practical cases , the function Kf is nearl y

isotropic in velocity space. Therefo re , we will expand the angular depen-

dence of I-U in Legendre polynomials , e, g.

K ef =  -j~
-— (if) =~~~~ A1(c) Pj  ( c o s 8 ) ’  (32)

e, ifl 
/ =0

whe re A,- (c ) = 
2 1+ 1 J l  

~~~ 
(M) . 

P1 ( c o s 9) d ( c o s 8)  (33)
-l e, rn

It should be pointed out at the beginning that the expansion in Equation (32)

is quite diffe rent from the usual expansion of f. In particular , if “e~~” c)

can be represented as the sum of n Legendre polynomials , P1 (cosY) ,  then

18 
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the sum in Equation (32) will also have n nonzero terms, regardless of the
angular dependence of f. As a special case , if 0 (C ) is isotrop ic , then Kf
is always independent of 9 and can be represented by one te rm,,

Now, using Equation (29) in (33), we have

A1(c) = Nc 2/+1 Jsin O1 dO 1 f(c , 8 1 ) J d~ a
2 (Y, c) Pj  (cos92 ) (34)

The addition theorem for sphe rical harmonics give s

Pj  (cose z ) 
\j 2 I + l ~~~~~~~ (cos 9~~) ~ (V ,~ tP ) (35)

which , after integrating ove r the ang le ii’, becomes

(cos O2 ) d~~ = 2~~P1 (cos9 i) P, (
cosV) (36 )

When this is inserted into Equation (34), the integrals can be separated

and Equation (32 )  becomes,

( O f  ) 
- 

= Nc 
~ 2 / +  1 ~ (c ) Q

1 
(c ) P, (cosO) (37)

e, in

whe re ( c )  = 4~~~~C
, 

( c )  = 4~~ 
2 1 +  1 j  d(cos V ) CoY ,  c)  P, ( c o s Y )

and f 1 ( c )  = 
2 / +  

1f d ( co s9 )  f(c , 8 )  P1 (c o s O )

In evaluat ing the i n t eg ra l s  for  the recoil te rm , there  is an additional fac-
tor of ( 1-cos) ’) to be conside red. The in tegra t ion  ove r scat ter ing angle ,

J d(cos) ’ ) ( 1- c o s) ’)  c oY , c)  P,
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can be carried out by employ ing the rec u rsion r ela t ion ,

xP, (x) = 
2 1 + 1  

P
1 + ~(x) + 2/ + 1 ~ j -  1~~ (38) 

V

to obtain

21 + 1 Ea, oc - 2 / +  3 ~ + l~~~ 
- 2 / -  ~ 

a

The complete Boltzmann collision te rm can now be written,

( -f-f) = Nc~~~ ~~~ 1 ~1 (c) Q~ (c)  P1
C

+ ~ -
~~~~~ -~$4~- jc

4 
2 /  1 f ,(c) [o;(c) - 

2 1+
1
3 ~~~~ l~~

- 

2 / - 1  Q 2 1 (c)] Pg ( c o s 8) }

2

+ N ~~ f1 ( c )  Q~ ( c )  P1 ( c o s O)

2

+ N E 2 1+ 1 f ~~L f . ( c 1
) Q~(c 1

, c) dc 1 P1 (cos O )
f z Q

- 

n
- Ncf(c , 8 )  [~ +~ Qh (c , c 2 ) d c 2 + 

~~~~~ Q:] (39)
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It has been assumed that secondary electrons produced in ionizing colli- 
. 

-

sions are emitted isotropical ly. The contributions from superelastic

collisions have been omitted. Because of the ve ry small ratio of electron

mass to neut r al mass , the recoil term can also be neg lected for most

electric discharge applications.

mc2
The Boltzmann equation , in te rm s of the electron energy, € = —i—— , is then

+ 84 = eE/N( q2 ) 
~~~~~~ 

[ ~ 2/ +  1 I~I 
( E , (~ ) 

~~~K)

E + E h h
+ f/ ( E + E ~ .~o )  Qt ( E 4 E h )

+ 
j + E  f f 1( € ’,~~) Q~(e ’,€ )  d~~’} P1 (cos9)

- f ( E , 17 , ço ) {Q
e

(E ) + ~~~ Qh
( E )  + f ‘ Q’( € ,  c ’) d ~

+ Q~~~~) + -
~~ 

Q’
~(€ )}] where cosO ±(_~_)~~ 2

The integro-differential equation above can be solved for the distribution

function f(~ , r~,cp), or f (E , 8 ,q,), given a nonuniform E/N( tD) and a known set

of cross sections . The program which was developed to do this will be

described in the following section .
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4. ~ Electric F’ield and Ion KinetIcs

Poisson’s equation for the scalar potential, ~~~~~, defined by E = -v (~~~~, is

- -V
2 L = 

~~ ~~+ 
- r~_ - ‘~e~ 

(41 )

where n
+

. n , and ne are the positive ion , negative ion , and electron num-

ber densities , respectively. For the present , only one type of positive

ion and negative ion will be conside red , The equations can easily be modi-

fied to include more than one .

The heavy ions are gove rned by the moment equations , which represent

conservation of numbe r , momentum and energy.  The continuity equations

are

~ ) = S + zn - rn n - r n f l  = S (42)+ +  e 1 + -  e + e  +

= ane - dn - r.n n  = S (43)

where 
~ 

and are the positive and negative ion drif t  veloc l es . The

te rm s on the ri g ht hand side represent  production and loss due to external

ionization , S, Townsend ionization , z , at tachment, a , detaciin eri t , d , and

ion-ion and electron-ion recombination , r . and r , respectively . The

coefficients involving electron impact are defined in te rms of the electron

c ergy  distribution and the appropriate c ross  sections , i .e.

Z = = N\j~~ f Q ’( € ) f ( ~ ,çO ) EdE

a = N \/iii~J Qa
(E )  f (E,ç~ ) ~d c

and re = \/~i I Q r ( E )  f (E , c7) Ed€
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Notice that these coefficients are fun ct ions of position , as well as of the bound-

ary conditions which go into calculat ing f ( E , c1).

The mean velocities , ~v and v , a r e dete rm ined by momentum conservat ion ,

m n (v \ ) ~~~ + \  . p - e n  E = -m n p ( - V ) -  rn ~ S (44)
+ +  + + + + # 4 +  +

m n ( ~ V )  v + ~ p + en E = - m n v ( v  - V) - r n v S  (45)

where  ni and n-~ are the m a s s e s  of positive and negative ions, respectively

and v and v are the total coll ision f requencies  of these ions with neutrals .
+

The mean neutra l  velocity is V . An equation of state relate s the ion pressure ,

to the mean thermal  velocity, c , and the t empera tu re, T± .  Thus

= 1/3m n. c~ = n~ kT~ (46)

The series of moment equations for heavy ions is terminated by assuming

their thermal motion to be in equilibrium at the local gas temperature, T.

This approximation is fairly good because of the nearly equal masses of

ions and neutrals and the fact that at high pressures the sheath is collision

dominated.

Let us consider now a plasma consisting of positive ions and electrons in

a one-dimensional geometry. Then using Equation (42) in (44) without gas

flow ,

-s-- n (m v
2 

+ kT ) = ni n ~ .‘ v - eEn (47)
C~ Y + + +  + + + + +  +

If dif f us ion is neg li g ib le compared  to ine r t ia ( z-i
4

-..- cons t )  and the dr i f t  ene rgy

is large compared to thermal energy  (m 4
v~ >> kT

4
), t hen

p+ + eE
- 2 - Zni v

+ 4
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or in terms of the potential, ~~~~,

° + ~~ e 1 (49)- 2E 2m
+ 

v~

The collision frequency for  momentum transfe r is given by

~+ 
= NQv

+ 
(50)

where Q is dominated by charge exchange and can be considered independent

of velocity. 13

Given E(çO), Equation (29) is integrated to obtain v
+

(cO) . Then the positive

ion numbe r density is determined from

= = ~~~~ (51)

where j is given and 
~e 0

~’°~ 
is obtained from the solution of Boltzmann ’ s

equation for  electrons.  Finally, Equation (41)  is writ ten in t e rms  of 1~,

~~ 
(1k) = 

~~~~~~ [
1’1e

((
~~ 

- n ( ~~)] (52)

and integrated to yield a new E0
~~(ç~). This is used in Equation (29) and

the procedure is repeated until convergence is reached. The Boltzmann

equation for electrons must be solved for  each new field , £
0 1)

.
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5 , 0 COMPUTER PR OGRAM S

Two computer programs are described briefly in this section, The first  was
developed entirely under the present contract to solve the two-dimensional

Boltzmann equation for electrons which is then coupled sell-consistently with
the ion kinetics, gas dynam ics , and field equations. The second is a program

for solving the boundary layer equations along a flat plate which was modified

in a previous contract to includ e a heat addition term defined by the electric

discharge.

5. 1 Program SHEATH

The approach used to solve the Boltzmann equation involves a numerical

integration along the characteristics , 4 - = const , combined with an itera-

tion scheme fo r evalua t ing t he collision integr al , Kf . Initially it i s assumed

that there is no contribution from scat tered-in electrons , i . e . Kf 0, and

Equation (40) is in tegrated in both the fo rward and backward directions for

each value of 17. This g ive s a f i r s t  approximation to the distr ibution function

f~~ from which a new K f W is ca lculated , and the procedure is repeated

until conve rgence is reached.

The operations required to generate successive approxim ations to the col-

lision inte g ra l are per formed as the int egration pr oceeds , so that  the

function f does not have to be stored between i terations.  Onl y Kf has to

be retained. By performing the integrations in a specific order, the same

a r ra y can be used to store the old and the new values of K f . If Kf is repre-

sented by the f i r s t  two terms in a Legendre expansion , then two two-dimen-

sional ar r ays are needed . These a r r a y s  are trapezoidal in shape, since

f( 4 , 77 ,c )  0 for ~
‘ > c + 4  , where 4 is the maximum value of long itudinal

0 0
energy for electrons leaving the cathode.

The storage a r r ays  for  Kf are arranged in core as in Figure 1 to minimize

central memory requirements . The dimensions were chosen to g ive 1 eV

resolution for a 200 V cathode fall . The ene rgy distribution of electrons
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emitt ed f rom a cathode by positive ion impact has a cutoff at E - 2
~
°w’ where

e . is the ionization potential of the gas and is the work function of the

cathode material.  This cutoff is usually less than 20 eV , so that 2 0 mesh
points at the cathode are again sufficient for 1 eV resolution . The area of
the array in Figure 1 is 48, 240 10 (136 , 160 8) words . Obviousl y, the storage
of £ (or of Kf w ithout angular expansion), which would require at least ten
times this much core, is impractical.

Boundary conditions are specified at the cathode and at the anode . At the
cathode, the energy and angular distribution of emitted electrons are given.
At the anode, the dis tribution of backscattered and ejected secondary elec-
trons is given in terms of the incident prima ry flux . At the turning points ,
the fo rward  and backward fluxes are equal.

The algo rithm used for the numerical  integrat ion of Equat ion (40) is the
following.

f = [c. 1 + c . + (~~~~ 
- E N .~ ~

) 
~
]) (

~ 
+ (53)

_ _ _ _ _ _  
~~ 1/2

whe re C = 
eE/N (-i--) 

Kf and i4 is the energy step. The scheme is second
orde r and absolutely stable. The relative error at each step is ,

= c 
(

~~~

)

2 
+ 

~ E/N )

3 

(54)

The e rro r is small as long as

44 ~ 0. 5 E / N Q

This condition is easil y satisf ied n ea r the ca th od e surface, where  E/NQ -.-E 1,
and  is typicall y 20 cV . It ~an also be s a t i s f i e d  i n  the 1)OSitive

column, whe re E/N Q . 1 eV , However, in the negative glow, the field be..
comes very small and may even reverse direction s. Under these conditions,
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the algorithm of Equation (53) cannot be used and in fact the choice of vari-

ables in Equation (40) is no longe r appropriate , since position becomes a

multivalued function of the potential.

In the reg ion where E /N Q<< 1 eV, the Boltzmafln equation can bette r be

expre ssed as ,
1/2

+ eE(y) N(y) (f) (K  - QK) f (55)

Now a fixed position step, 4y, is chosen 
with the condition that,

4y~~ 0. 2 83 1N Q,  where l/NQ is the electron mean free  path . This choice

of v~.riables cannot be used in the hi gh field reg ion near the cathode. The re-

fore , to ful ly define f in every reg ion of the discharge , we mus t  s tar t  with

coordinates (~~, 17 , ~ in the cathode fall, change to coordinates (4 . r~, y)  in

the negative glow and Faraday dark space , and back to (4 , 77,~~ ) in the posi-

tive column. Basically the choice of coordinate s depends on whethe r the

distribution function is chang ing more rapidly with re spect  to po sition or

potential.

With the present  program , onl y the cathode fall region has been examined.

The code is currentl y set up for  integration in the plane ‘7 = 0, i. e. electrons

are restr icted to moving eithe r with or directl y against the electric field .

This simplification reduces the runnin g time by about a factor  of ten and

allows rapid checkout and modification of the program. The distr ibution

function is normal ized in a one~ dimcnsional velocit y space , i . e.

! [f 4~~~. ‘) +  f ( E ,: )]t 
- 1 ‘2 dE = 

~~~~~ 
(56)

where f is the distribution of electrons moving toward the anode and f is
+

the distribution moving toward the cathode. These functions satisf y Equat ion(31)

with one of the following pairs of collision te rms .
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(a) Forward scattering :

Kf 4 = ~ 
Qh (~~~ 

~~~ 
f
+

( E +  
~h’~

°
~

+ 2J  ~~~~~
) f

4
( ~~~9)  d ’

+ 2J )
~~~~~ f

4( ~~
9) d’

Q(E) = E 
Q (~

) + Q K) (57)

h

(b) Isotropic scatte ring:

Kf ~ = V 2(
~~~

)  

~~~~~~~~~~ 
+ f (E, cl)] + 

~~~~~~~~

+ J ~~(~
‘) 

~ 
‘,~p) + f ( ( ’.c )j ” dE

Q(() = Qe(E)  + 
~~~ 

Qh
( )  + Q’

K )  
(58)

(c) Anisotropic scattering :

Kf ~ 
Q ( E ) f~ (E, ~~ ) + Qe

K)  f~(E, L~)

+ 
~~ 

[~+~ 
+(h) 

f
± ( ( + E

h
, c)

~~ + Q (t + 
~~~ 

f ~~( E +

+ 1 ~~~~ [‘~~~ 
~~~~~ ~~~~~~~~~~~~~~ + Q’ ( e ’) f ( E ’~(P ) ] d E ’

1 +
1

= (c) + Q~~( E )  +~~~~ [Q
h
(()+ Q

h
(~~ + Q’(€) + Q

’(E)
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The c r o s s  sect ion s for attachment and recombination are small at high

ene r g ies and are the refore not included in the analysis of the cathode fall

r eg ion.  They will be im portant , however , in the negat ive g low , Faraday

da r k s pace , and positive column. The secondarie s produced by ionizing

collisions are assumed to be eve nly distributed in energy from zero to

e- ~~.. This is a good approxima tion near threshold. However, at higher

energ ies  the distr ibution is peaked near  zero and ~ - E with a minimum

at ( E  - E~ ) / 2 . Previous w o r k e r s  have found that  the actual distribution of

secondaries make s littl e diffe rence to the overall results . This aspect may

be investigated with the present  code in the future .

The input parameters  required by the program are ( 1) the electric field

strength at the cathode , (2)  the reduced gas p ressu re  (this is the actual

pressure  reduced to standard tem perature , i .e. p p(273 . 16°K / T),  and

(3) the voltage difference between cathode and anode . The function E/ N ( I P )

is then gene rated internally for e i ther  a constant  or linear dependence on y.

The c ross  sections are read in next ., following a standardized fo rmat  used

previously by the autho r in an equilibrium Boltzmann code. (The specific

input deck structure will be provided in the user ’s manual.) And finally,

the energy distribution of electrons leaving the cathode is g iven.

The output data supplied by the program may be var ied  to suit the users ’

needs . Presently, the listing is set up as follows: The input parameters

and cross sections are printed f i r s t.  Then , in orde r to monito r the con-

vergence , the electron cur ren t, 
~e ’ as a function of potential ,and the ene rgy

distr ibution , 
~A’ at the anode are listed afte r each iteration. The cri terion

for  convergence is that the electron current  at the anode change by no more

than one percent . When this is reached , the following quantit ies are printed

as functions of çp: the electron mean energy, ~ , the distance from the

cathode , y, the electron number density , ‘xe ’ the electron drif t  velocity,

v , Townsend ’s f i r s t  ionization coefficient, defined as a = -i—-.. ~~~~ ande 3e ôy
E I N .  Even though the entire distribution function f ( 4 , 1 7 ,  q ) is never known

A 30
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at any given time in the calculation, it can be printed out if desired . All

the important information , howeve r , can be ext rac ted by listing f ( 4 , 1 7 , q ?0)

at specific locations, ~~~ and by listing various moment integrals , such as

drift  velocity, mean energy,  diffusion coefficient, etc . ,  as functions of

position .

5, 2  Program CATFAL

CATFAL is a compute r program for calculating laminar and turbulent boundary

layer development in compressible flow including the effects of cathode fall.

The program is an extension of a program wri t ten  at Princeton University

and was developed under contract with Air Force Weapons Laboratory to

analyze a hi gh powe r CO CW gas laser. The laser confi gura tion is il lustr ated

in Figure 2. Gas flows through a two-dimensional supersonic nozzle at Mach

3. 5 to 4. 0. A hi gh voltage (2 -5  kV) is applied perpendicular to the flow and a

discharge established in the region where the optical power is to be extracted.

The electrical discharge is stabilized by means of an electron beam whose

electron s have an energy of approximately 150 keV . In such a laser , a large

potential gradient exists in the proximity of the cathod e which is usually refer-

red to as the “ cathode fall region ” .

In this reg ion , due to the large potent ial drop , strong electr ic  fields are

established. This results in a substantial amount of powe r in the form of

heat being dissipated in the boundary layer next to the cathode. Such action

produces a disturbance which propagates into the flow reg ion. Beca use of

the stringent requirements of flow homogeneity in CO CW lasers , the CATFAL

computer program was written to estimate the magnitude of the flow dis-

turbance. The code predicts the effect of cathode fall on the growth rate of

the boundary layer. The analytical model for CATFAL was developed by

Claudio Parazzoli, formerly of Northrop. Experiments were performed to

ve rif y the numerical predictions of CATFAL and those results are published

in Reference 1.
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5. 2. 1 Analytical Model

In this section we shall briefly describe the boundary laye r equations for a

turbulent compressible flow on a flat plate and we shall put them in a form

manageable for numerical calculations.

Bounda ry Layer  Equat ion s

The equations gove rning the flow of a compressible , two-dimensional boundary

lay er are :

Continuity Equation

0 (60)

Momentum Equation

pU~~~~~ + p V • ~~~ Z P e U~~~~~ + }~ 
(61)

Energy Equation

( q + u t ) + Ô  (62)

• Figure 3 illustrates the relevant quantities in Equations (60) through (62) .

Equations (60) to (62) apply both to laminar and turbulent boundary layer

provided that the definitions for r and q are taken to be

ir /p v

q/p * V g —
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where -u ’ v ’ is the kinematic Reynold ’ s st r e s s ;  -v ’h ’  is the kinematic turbulent

heat flux ; ~ = 4~— is the molecular kinemati c viscosity, and V
g 

= is the

molecular kinematic conductivity. 
p

Then we define an effe ctive viscosity and an effective conductivity as:

T/P V e

= vP eg ~~

Finally, the following quantities are introduced fo r  convenience in the calcula-

tion :

p U(x) — pu  (x , y)
f’ (x,n) = 

e 
P U ‘x ’ 

(63)
e

g ’ (x,n) = 
h — h° (x , 

~~
t )  

(64)
— hr

(x)
d (x ,~ ) = 

~~~~, ~~

-

~

- (65)

- (66)— 6-* (x)

where ö is the boundary layer displacement thickness given as:

6 * = 
f ( ~~e u ( x)  — p U (x , y ) )  / 

~e U ( x )  dy (67)

When written in te rms of the new variables defined in Equations (64) to (66),

Equations 60) to (62) become:
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Momentum Eguatj~~

— ~~~~~~ [d(1 — f ’) )  
‘

~~~ 

‘ 

+ ~ ,i—.f) Q — ____  — S*f
] 

d fU +

+ ftQ n_ f ~~~~~~~ — 5*f x] d’ — (2 — f ’ )  (dP + d
~~ o *)~ f ’  —

— t~’~
- — f ) Q  — 

W W  
— o*f ] d ’ + P ( d— 1) + d

~ ~~

(1 — f i )  5*~ f~ 
(6 8)

Energy Equation

7e 1 2

~ ~ g~i _~ ~~~~~~~ 

~ 
_

~~~~~ 

~ 
( 1.-f’)~~] ~

]‘ +

+ g ” [ Q ( T? —f) — o*f ~ 
= ( 1—f ’)  ~~*

— 

(69)

‘e U ( h  — br )

7—1 ½

1 ~~. 

( 1—g ’H) (1+ _!V.
7 M~ ) —1 ~~~~~~~~~~ 1(d)1

2 I (70)

7e’
~ M2 (1 —

L 2 e
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where  1(d) is:

I’d’ — I 7(i)
7 ( x ) — i  dx

1.

with x -
~~~

- and V i s  the variable specific heat ratio across the boundary

layer. Equations (68) to (7 0)  are simila r to expressions 11-14 , 11-15

and 11-16 in Reference 1. The major differences are in Equations ( 69) and

(70) . Equation (69) contains the heat addition te rm in the R . H .S.

6 which is absent in Equation 11-15 of Reference 1. Equation
P U(h - h )e e r
(70) accounts for a variable specific heat ratio across the boundary layer, and

reduces to Equation II- 16 of Reference I if we take ~~
‘ = 

~
‘e In the derivation

of Equation (70) ,  the specifi c heat ratio of 
~e in the f ree  stream, has been

taken to be constant.

References I and 47give detailed discussions of the fo rm of normalized effective
Ve,y

viscosity 
~e 

= , and effective heat conductivity Veg

5.2.2 Computer Code

The original gas dynamics program was written by H. J. Herring and

G. L. Mello r at Princeton tJniversity~
7 The program per forms  a numerical

integrat ion of the equations of motion for  a compressible two -dimensional

boundary layer.  Calculations may be carr ied out fo r  both laminar and

turbulent flow for  a rbitra ry Reynolds number and f rees t ream Mach number

distr ibution.  Plana r or axisymmetr ic  bodies with wall heating or cooling,

wall suction or blowing and rough or smooth wall can be included .

Modificat ions were made to the program to includ e bulk heat addition due

to the cathode fall of a glow discharge in the two-dimensional planar case.

Boundary laye r equations were  modified to includ e a heat addition term.
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The program can handle arbi t ra ry gas mixtures of up to four components.

Calculation of molecular viscosity and heat conductivity of gas mixtures as

a function of temperature is included. Allowance of variable specific heats

and ion and electron dr i f t  velocit ies in a gas mixture are computed as a

function of E / N  and tabulated for  uti l ization in computing the power te rm.

Poisson ’ s equation and cu r ren t  continuity equations are then solved using

iterative techniques and Runge-Kutta integration to satisfy certain boundary

conditions.

The MAIN program was modified to compute viscosity and heat conductivity

for  an a rb i t ra ry  gas mixture of up to fou r components. Subroutine VISC

provide s fourth order polynomial curve fits of viscosity, heat conductivity

and Prandi number as a function of tempe rature. SHRSUB then computes the

specific heat ratio for  the gas mixture.

The MAIN program iterates to find velocity (FP) and enthalpy (GP) profiles

within desi red convergence c r i t e r i a .  Before  each FP-GP i t e ra t ion , sub-

routine POWER solve s Poisson ’ s equation and the c u r r e n t  continuity equa-

tions using a fourth order  Runge-Kut ta  approximation. An i te ra t ive  procedure

is used to satisfy the bounda ry condit ions.  Power diss ipat ion ~
-t the vicinity

of the cathode is computed and included in the boundary layer calculation.

The program, written entirely in FORTRAN , has been run on the CDC 175 and

has a core requirement less than 160, 000 words (oc ta l) .  Typica l  running

time with heat addition is normal ly 3-4 minutes. Output at each X posi t ion

is written on file 9 and can be saved on tape or permanent file for subsequent

restart if desired.
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~ ‘ . 0 N U M E R I C A L  RESULTS

The c o m p u t e r  p r o g r a m , Sh EATh , was developed in s t a ges  ove r a pe riod of

t i me  and was checked  at each  stage by m a k i n g  c o m p a r i s o n s  wi th  cases  pub-

l i shed  in the l i te  r a tu  re . All of t he se  r u n s  we re made as s um in g  co n s t a n t  gas

d e n s i t y  and a k n o w n  e l e c t r i c  f i e ld  v a r i a t i o n . One s e l f — c o n s i s t e n t  f i e l d  so lu t ion

is g iven at  the  e— nc l of Sect ion e . 1. The d i f f i c u l t i e s  e n c o u n t e red in extending

the s e l f - c o n s i s te n t  soLu t ion  in to  the  n e g a t i v e  g low a re  d i s c u s s e d  in Section ‘ . 2 .

• 1 N o n e g u i l i b  r ium  E l e c t r o n  K i n e t i c s

The f i r s t  r u n s  ‘~~ e re made i n  me r cu r y  t~~r c o m p a r i s o n  w i t h  the Monte  C a r l o
37s i m u l a t i o n s  t~~~’ I ‘a r k e r , e t  a! . The i on i z a t i o n  c r o s s  section of K ic fft ’ r , e t  al

was f i t t e d  to the  f i t  t ic t i o na  I f o r  ii

2
- E - f - ( .  /E

= -~~~ ln (~—~—
’ )

where  A z 5~ .~~ 
(

1 
0ma ’ ~ 

10. 4 eV , and = ~ ‘-A ~~. (At this  point

the s u b r o u t i n e  f o r  r ead ing  c ross  s e c t i o n  da ta  in n u m e r i c a l  f o rm  had not

been incorpo rated into the prog ram . ) F’o rwa rd s ca tte r i n g  \Va  s ass  un ied

with no backscatter froni the anode. The e l e c t r o n s  were allowed to fall

300 V at a constant E/p0 of 4000 V/ctn/Torr. The en e rg y  d i s t r i b u t i o n  of

electron current striking tlic anode is shown in Figure  4

A similar case was e x a m in e d  in R e f e r e n c e  15 with a gap separa t ion

of 1000 V. The two d i s t r i bu t i ons  compare  ve ry well below about .~50 eV ,

indicating that the low energy electrons have reached an equilibrium with

the f ie ld . A plot of 1A ’~ 
i nd ica t e s tha t the dis t r ibu t ion  is very near l y

Maxwell ian in th i s  region , with a t empera tu re of — 1 0 0  eV . The peak in the

e n e r g y  d i s t r ibu t ion  above 300 eV rep resen t s  those e lec trons  which have suf.

fe red no ionizing collisions . The 5 eV width of this peak is a reflection of

the energ y dis t r ibut ion leaving the cathode . The gap below 300 V has a

width of 
~ 

- W, where W is the width of the pr imary peak. As pointed out
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Figure 4 Electro n Current at the Anode
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ear lie r , W = - so the width of the gap is just equal to twice the work

function of the cathode material, 4~~, .

The electron current density and first Townsend ionization coefficient are

shown in Figure 5. The re is no ionization until the electrons have first

been accelerated to the ionization threshold. This occurs at y = E j /E =

0. 0104 cm. The Townsend coefficient rises rapidly above threshold and

overshoots the eventual equilibrium value of a0 — 4 . 0 cn~~ 
1 (Thi s is to

be compare d with the value obtained in Refe rence 15 of ac — 5. 1 cm 1

at the same E / N  and pressure , but using a diffe rent ionization cross section.)

The nonequilibrittm behavior of a ove r most of the discharge gap is obvious

from the fi gure . However , the multiplication factor , M = j e (~~~’j e (0) = 3. 6,

G dis ve ry close to the value c 0 = 3. 3 which would obtain for constant a

The f oregoing exa m ple was meant to simulate conditions typical of dielectric

brea kdown in low p ressur e gases , where the electric field is uniform. In

orde r to invest i gate the nonequilibrium behavior of electrons in the cathode

reg ion of a g low discharge , we examined the followin g problem . Let the

electric field fall linearly from 1000 V/cm at the cathode to 50 V/cm at the

mic!plane and remain cori~tant from there to the anode. The reduced pres-

sure is 0. ~ 5 Tor r  and the potential d i f fe rence  is again 300 V (270 V in the

“cat hode f a l l ”  and 30 V in the “ne g ative g low ”). Th e result s are shown in

Figure 6.

The behavior of a ove r the f i r s t  0. 4 cm is very similar to that of Figure 5,

eve n thoug h in the present  case the e lec t r ic  field has  fallen to less th an

300 V/ c m .  This is because most of the ionization in this region comes from

the p r i m a r y  group, whose ene rgy is = ‘ , independent of the local field.

The Townsend ionization coefficient for a nionoenergetic group of electrons

is a(E) = NQ’~~), which has a maximum value of 5.75 cm~~ at 60 eV. This

maximum is neve r reached in practice , howeve r , because secondaries are

produced at low ene r gies with lower ionization efficiencie s than the primary

group.
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¶ The persistence of ionization afte r the electric field is reduced is anothe r

nonequilibriurn fe ature evident in Figure 6. The rate at which adecays

f~om one equilibrium value to a lower one must clearly depend on the degree

of angula r scattering. In the present case of forward scattering (which is actually)

no scattering at all) the persistence is most pronounced . As we shall see

later, in the case of isot ropic scattering the persistence is reduced. The

situation with real gases in the negative glow is closer to the case of fo rward

scattering, since the differential cross sections for  energ ies above 2 0 eV

are ve ry strongly peaked in the forward di rection. In fact , the beam-like

character of electrons leaving the cathode fall and persisting through the

negative glow has been well established experimentally. 
38

The electron current and numbe r density are also shown in Figure 6 .

Notice that Je increases by about a factor of four in the negative glow or

dri f t region. With previous theories of the cathode fall using equilibrium

coefficients, current growth in this region would be negligible. Thus

predicted current  densitie s as a function of cathode fall  potential would

be low. This is clea rly evident in a comparison of Ward’ s resul ts  with

experimental data.

As electrons are accelerated away f ro m the cathode sur face , the numbe r

density d rops ini tia lly in or de r  to maintain current  continuity. Then as

ioniz ation picks up the densit y goes through a minimum and begins to rise

exponentially. Th is sam e behavior wa s observed by T ran N goc , et a139

in their Monte Carlo simulation . The initial drop is less severe if elec- 
V

trons are emitted from the cathode at higher energy,  since they reach

ionization threshold sooner. The electron density is r is ing faste r than

the current  at y = 0. 4 cm because the drift velocity is falling with the field .

The next set of runs was m ade in argon with isotropic scatte ring and one

inelastic process ix’ addition to ionization . The results are compared with

44
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the  Monte Carlo simulation s of Sakai , et a15 in a unifo rm field. The cross

sections used here are shown in Figure 7. They are similar, though not

identical  to those employed in Refe rence  5. The inelastic cross section,

which is meant to represent the sum of all electronic excitations, was

taken f r o m Schaper , et al. 40 For elastic scattering we used the momentum

transfe r cross  section of Spencer , et al41 and f o r ionization , the measure-

ments of Rapp, et al. 42

The drift  velocity and ionization coefficient for E/N = 565 Td (1 Td =
V cm 2 ) are shown in Figure 8 as a function of distance from the

cathode . The most striking feature of these curve s is the series of dis-

continuities in the drift velocity beginning near the cathode and diminish-

ing in amplitude as y increases. Similar oscillations had been observed

previously by Sakai , et al 12 and we re ascribed to the onset of inelastic

thr esholds . This behavior can now be mo re ful ly explained as follows.

Below the first inelastic threshold at 11. 5 eV there are onl y pr imary elec-

trons which have suffered no inelastic collisions . Due to elastic scattering

howeve r , these electrons are moving both with and against the electric field.

Their  d r i f t  velocity is towards  the anode and increases  as they are accele r-

ated by the field .

Above the first inelastic threshold , there appears a g roup of electrons which

have suffered one inelastic collision. They have an energy € ~~P-  E h .
Those electrons which are moving towa rd the cathode will be decele rated

by the field until they reach zero velocity at the point y = E
h

/E . Thus,

immediately above the f i r s t  inelastic threshold , there is a group of electrons

with zero dr i f t  velocity superimposed on the primary group. This gives rise

to the f i r s t  discontinuity . The drif t  ve locity then continues to inc rease as

both g roups of electrons are accelerated towa rd the anode.
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A similar drop in the drift velocity occurs at the ionization threshold of

16 eV, except that he re the energy loss is not discrete but is distributed

ove r a range of values . A series of discontinuities occurs at two, three ,

and four times the inelastic and ionization thresholds, caused by electrons

which have undergone two, three, and four inelastic or ionizing collisions,

and so on. The amplitude of the oscillations diminishes as the number of

secondary electrons increases. These have a broad distribution of ene r-

gies and the effect is smeared out.

Also shown in Figure 8 is the variation in drift velocity when forward scat-

tering is assumed. There are no oscillations in thi s case because all the

electrons are moving toward the anode . The equilibrium value of drift

velocity, which is reached at about y 0. 2 cm , is an order of magnitude

larger than for isotropic scattering. This implies an inverse relationship

for the electron densities in the two cases , since the current densitie s are

almost the same when normalized to the current density at the cathode .

An im portant point should be made at this time with regard to the emission

of electrons from the cathode . Experiments which measure secondary

electron ejection by ion impact are usually carried out in a hi gh vacuum

environment. In the presence of a gas at high pressure, the yield can be

considerably reduced. The electron current density at the cathode is not

only a function of the rate of ejection but also depends on the surface E/N

and on the degree of scatte ring by the gas . In the cases considered above ,

electrons were ejected from the cathode at the rate of V per unit area. The

current density in the case of forward scattering was eV , while for isotropic

scattering it was only 0. 3 eY because 70% of the ejected electrons were

backscattered in the gas and reabsorbed by the cathode.

The Townsend a coefficient in Figure 8 is zero below the ionization threshold

then rises rapidly to a peak and undergoes a few oscillations analagous to

A 
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those in the drift  velocity. The equilibrium value of 4.5 cm~~ at y = 0.2 cm
12 -lcompare s well with the value obtained by Tagashira , et al of 4 . 3 cm .

The drift velocity at this point is 2. 7 x l0~ cm/sec compared to 3. 2 x l0~ cm/sec

in Reference 4 . The increase in drift veloc ity from y = 0. 2 cm to 0. 5 cm

is a consequence of the boundary condition - at the absorbing anode . The

flux of electrons moving toward the cathode decreases from its equilibrium

value to zero at the anode. At this point all electrons are moving in the

forward direction so the drift velocity is the same as that with forward

scattering.

The distribution of electron current  striking the anode is shown in Figure 9.

The most prominant feature of this plot is the serie s of equally spaced

peaks below 100 V. These represent the groups of electrons which have

undergone 0, 1, 2, ... inelas ti c ene rg ies leaving the cathode. In this case ,

a box of 0. 5 eV width has been assumed. The series of plateaus represent

electrons which have undergone one ionizing and 0. 1, 2 , ... inelastic col-
lisions. Electrons experiencing more than one ionizing collision and all

seconda ry electrons make up the bod y of the dist ribution .

In Figure 10 the electron energy distribution is plotted on a linear scale f or

comparison with the Monte Carlo results of Sakai , et al ,5 Althoug h there is

con siderable statistical scatte r in the Mon te Carlo da ta , some areas of simi-

larity and difference can be pointed out. The Monte Carlo results fall con-

sis tently below the present results at energies below 10 eV and consistently

above 10 eV and 20 eV. The hi gh energy tail of the distribution is in fairly

good agreement.  The diffe rences may be due to the diffe rent cross sections

used or they may reflect the approximations made in angula r scatte ring.

The next run in argon was made with an electric field which varied linearly

wi th position , falling from 600 V / c m / T or r  at the cathode to 30 V/ crn/ To r r

at the anode. Figure 11 shows the variation of electron current  and number

density with distance from the cathode . The anode is at 0. 33 cm Torr and
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was taken to be e i ther  per fec t l y absorbing or to reflect 50% of the incident
electrons. The electron current  is constant below the ionization threshold
which occurs at 0. 028 Cu -

I Torr .  It then rises smoothly and begins to level

off be fo re rising again in f ron t of the anode. The number density behaves V

j ust as the inverse of the drift  velocity at low energie s since 
~e = eneW.

The falloff in approaching the anode indicates a rising drift  velocity. Notice

that with 50% backscatter , the effect of the anode on the electron distribu-

tion is reduced .

The Townsend ionization coefficient for this case is shown in Figure 12.

Th e fo rm is quite  diff ere nt fr om what would be obtained by assuming an

eq uilibr ium energ y distribution at the local E/ N .  The ionization in the

la tter case would be greates t  at the cathode and fall off as shown by the

dotted line. The actual ionizat ion i~ zero ne ar the cathode due to the thres-

hold ef fect  and is hi g her  than the eq u i l i b r i u m  valu e in the low field region

because of the t ime  required for  fast  electrons to slow down. Note once

again the effect  of chang ing the bound ary condition at the anode.

The th ree func t ions  which will couple direct l y to the ion kinetics and the

field equat ions in the self-consistent model of the cathode region are the

ionization coe f f i c i en t  and the elect r on cu r rent and num be r densitie s versus

positio n. The produc t of the f i r s t  two of these , ~~~~ give s the ionization

source dens i ty  which appears in the positive ion continuity equation. The

electron numbe r densi ty appears in the Poisson equation. The numerical

fo rm ul ation of these equ ations an d the m ethod of solution were given in

Section 4. 2.

The nume rical  routines for  solving Equations ( 4 9)- (52)  have been incor-

porated into program SHEATH , and a full y s e l f - cons i s t en t  solution was

obtained for  the pa ramete r s  g iven in F igure  13. The elec t ron  and ion

numbe r dens i t i e s and d r i f t  veloci t ies  a re shown as func t ions  of y. (The

ass umpt io n tha t  n~ — const is seen to be justified and mv >> kT ove r most
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of the d ischarge . )  The fact that ne<<n 4. 
everywhere indicate s that the

anode is located within the cathode fall. The situation is indicative of an

obstructed discharge . If the anode is moved back , the electron density

can continue to rise until it equals the positive ion density,  at which point

the negative glow begins to form.

As mentioned earlier, the region between the edge of the cathode fall and

the head of the positive column could not be handled by the code in its original

fo rm, be cause of possible field reversals. The program has since been

modified to allow a change of variables and the use of Equation (55). Thia has

greatly increased the utility of the code and some typical results will be

described in the following section.

- - V.~~~~~V 
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6. 2 The Cathode Fall and Negative Glow

In modeling the negative glow, the code was extended to incorporate a zero field,

drift  region. Electron loss mechanisms, such as attachment and recombination,

were added. They do not significantly affect electron kinetics in the high field

region of the cathode fall but are crucial in the negative glow and the transi  -

tion into the positive column. Likewise, low ene rgy cross sections, such

as vibrational and rotational excitation in N2, have little impact on electrons

within the cathode fall itself and only come into play at low mean energies.

One difficulty which came up in the modeling concerned the presence of

field reversal at the edge of the cathode fall. The electric field falls sharply

away from the cathode surface due to a layer of nearly constant positive space

charge. The electron current density rises exponentially in this region until

the electrons carry nearly all the current in the negative glow. At the edge

of the cathode fail, the electron density is rising much faster than the current

density, since the drift velocity is dropping with the field. Physically speaking,

the secondary electrons produced by the propagating primary beam cannot be

convected out of the low field region fast enough because of their reduced

drift velocity so they pile up.

The difference between positive ion and ele ctron densities determines the slope

of the electric fi eld through Poisson ’ s equation. In the cathode fall region ,

the positive ion density is nearly constant and the electron density is ne gligible ,

so the field va ries linearly with distance. At the edge of the cathode fall the

electron density rises sha rply to values which are comparable with the positive

ion density . This causes the slope of the electric field to soften and perhaps

to go th rough zero and turn positive. The rate at which electrons pile up at the

V 
boundary between the cathod e fall and negative glow then dete rmines the way

in which the electric fi eld stops falling and joins with the low field present in

the negative g low. In particular the field might easily go through zero and

remain negative for  a while before the electron density comes up to turn it

around.
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Since c u r r e n t  continui ty must always be satisfied , any reg ion of f ield reversal

must have only a limited extent. The low energy electrons and positive ions

will follow the field closel’,- , except in cases of very rapid change. The high

energy electrons , then , are the only thing available to carry the current through

a field reversal .  However , the cu r r en t  densi ty of h igh energy electrons is

fa lling monotonicall y away f rom the cathode. The balance is made up by an

increase  in secondary electron c u r r e n t, If the field reverses , the secondary

electron drif t velocity will follow it very  closely resu lting in a sharp rise in

electron density until it exceeds the ion density. Then the slope of the electric

fie ld goes th rough zero and the field beg ins to increase.  Th is reverses  th e

whole process and the electron density turns over and approaches the ion

density f rom above , eventually establishing a uniform field in the positive

column.

The existence of field reversal  in the negative glow presents serious computa-

tiona l di f f icu lties in mode lling the cathode reg ion. In the f i r s t  place , the

loca lized potential well at the edge of the cathode fall results in trapped orbitals

for  low energy electrons.  Thus , the characteristics no longer terminate on

the electrode s where  boundary conditions are  established but form closed loops.

These orbitals are  populated continuously by ioni zation which must be balanced

by recombination or some other loss mechamism, since no electrons can

escape by convection. But the recombination rate depends on the positive ion

density, which is not known until  the next step in the iteration procedure. In

addition , the presence of a large number  of low energy electrons requires a

much finer partitioning of the energy coordinate in this reg ion.

In order to obtain additional understanding of the electron kinetics in the cathod e

region before addressing these computational questions, it was decided to run

some typical cases using a field distribution which did not go through zero.

This distribution consisted of two parts : a linearly falling electric field repre-

senting the cathode fall and a zero field region , or drift region , representing

58

‘
5

— —  — _ V  % V . _  V . V . V . V . _ V  
~~~~~~r~~~~~~~St ~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - -  

- -



~~~~~~~~ V.~~~V. V.V V V.V. V - -

the negative g low. In the drif t  region , we changed from an energy to a position
coordinate since the cha racterist ics are now constant energy surfaces. The
stepsize is chosen as one-fourth of the minimum electron mean free path. The
cross sections are  as def ined previously, except that we introduce aniso-
tropic scattering. The degree of elasti c backscattering was chosen to decrease
exponentially with increasing energy.

+The cross section for dissociative recombination of electrons with Ar
2 was

derived from experimental measurements of the recounbination rate as a

function of electron tempe rature.49 The following energy dependence was

inferred,

-16 2
= 8 x 10 eV-cm /Er

The ionization and recornbination rate constants in argon are shown in Figure 14

for an electric field which falls from 900 V/ c m /T o r r  at the cathode to zero

at 0. 33 cm Torr and remains zero out to the anode at 0. 83 cm Torr. The

ionization rate constant shows the expected behavior , sta rting from zero when

the electrons reach the ionization potential , then rising to a maximum and falling

with the electric field.

The reconibination rate constant drops initiall y as the primary group acceler-
ates awa y from the cathode . As they undergo repeated inelastic collisions ,
the mean energy begins to decrease and consequently kr inc reases . Just be-
fo re the field g oes to ze r o, ionization virtuall y disappears and the large group

— of e lec t rons  nea r zero ene rg y is accele rated by the remaining electric field.
As the mean energy of this group increases , the recombinatioru rate drops. In
th e dri f t r eg ion , the electrons can onl y lose energy and reconibination once
again beg ins to rise. Thi s behavior is clearl y demonstrated in the evolution
of the energy distribution function to be presented in the following.

59

.5

V.  TI iV.~~V~~~~~~ - 
—i-: V- 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~- 
-

- 



_ _-~~~~ ——V -~~~~~~~~~~~ _ _ _ _ _ _

~ 

~
‘
\~

\ 

I 

-

E (100 VlcmlTorr) Ar 
V

6 .  -

5 -

kr (10
8 cm3 sec 1) 

-

3 -  -

2 -
k1 (10

8 cm3 sec~
)

1 -

0 I I I

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

ypo (cm Torr)

FIgure 14 IonIzation and Recombination Rate Constants

60

_ _ _

-

~~~~~

1
- V.—- ~~~-~~

_ _  V.V. V . V .  _
~~~~ r— -“ — 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ,.-,~ *‘5~4—~~~ ••~~_a. ~
-
~~~~~~~~

-
~ _-—~~~~~~~~ V.~~~~V.~V-



The Townsend ionization coefficient and mean electron energy are shown in

Figure 15 for the same conthtion s as above. The parameter 0- here is actually

the net ionization coefficient with recoznbination subtracted out (fractional

ionizat ion assumed to be n
÷

/ N  = l0~~~). Note that recoinbination becomes

dominant in the negative g low or drift region. The dashed curve represent s

the equil ibrium ionization coeff icient , which is found by letting the electrons

reach equilibrium at the local electric field strength. It has a maximum at the

cathode surface and goes to zero when the field goes to zero. The actual

ionization coefficient has a tail which extend s well into the negative glow, a
direct  indication of the nonequilibrium character of the electron distribution

function. The mean energy, 1, has the same features as the recoinbination

rate but in the inverse sense.

The evolution of the electron energy distribution in the cathode fall and drift
reg ion is shown in Figure 16 , Note the att-~~ uation of the primary group as it
gains energy in the electr ic  field . Just below the primary group is a secondary

group which consists of electrons having undergone one inelastic collision. Then
comes a long tail of in ter media te ene rgy seconda ries and fina lly a low energy

group. The low energy secondaries are constantly being produced by the inter-
mediate group until about ~ = 140 eV when this group virtually disa ppears. At

this point the mean energy i s relatively low and there are very f ew elect rons

above ioniz ation threshold , but there remains about a ten volt potential d rop

to the edge of the cathode fall . Thus , the mean energy once again begins to

rise until the field goes away altogether. This is seen in Fig ure  16 as the low

energy peak moves out to the inelasti c threshold. Those electrons which

cross the threshold and suffer  inelastic collisions beg in to fo rm a second

peak behind the principal one. This process continues throughout the drif t

region.

The electron current  and number density a re  shown in Figure  17. As before ,

th e c u r r e n t densi ty rises exponentially in the cathode fall and levels off in

the dr i f t  region. The current  actually falls slightly at the end of the dr i f t
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region due to recombination. The electron density rises more rapidly than V

the current density because the drift  velocity is falling with the field. In the

zero field reg ion the drift  velocity beg ins rising again because of the presence

of an absorbing anode. If the anode were removed the drift velocity would go

to zero exponentially and , but for the presence of recombination, the electron

density would go to infinity. In reality this would cause the electric field to

increase which would reaccelerate the electrons , bringing their number density

back down to the ion density and bringing the field to a constant value in the

positive column.

A sirrnlar case was run in helium with the electric field falling from 225

V/ c mf T or r  at the cathode to zero at 1. 33 cm Torr and the anod e at 2. 83 cm Torr.

This correspond s to the same cathode faU potential of 150 V. The evolution

of the elec t ron ener gy distribution is shown in Figure 18. The energy distribution

leaving the cathode was taken from the measurements of Hagetrom50and is

somewhat broader than that for argon. The qualitative features of the distribu-

tion are the same. The cu rv e in the lower right hand corner of Figure 18 shows

the experimental distribution of Gill and Webb5’ taken near the edge of the cathode

fall. The potential in their case was about 260 V but the gene ral shap e of the

distribution is very similar to that calculated here.

With a complete knowledge of the energy distribution as a function of position

many observable features of the cathode region can be derived; for example ,
the visible sideli ght emiBsion. It is assumed that this emission comes from

electronic levels of the atom which are excited by resonant transitions from

the ground state. Using a gene ral resonant type cross section , the excitation

rate , and hence visible intensity in an optically thin medium, was calculated

as a fun cti on of position. This is shown in Figure 19 for helium.,, All the

visible features in the cathode region of a normal glow are evident , including

the thin cathode dark space , cathode glow, and C rooks dark space. Note the

sharp leading edge and diffuse trailing edge of the negative g low in agreement

with experimental observation.
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The usual p ressu re  scaling in the cathode fall is preserved by the nonequi librium

for mulation presented here. That is , the electric field s trength is proportional

to pressure, p, the current  density scales as p2 and distances vary inversely

with p. Thus , all the characteristics of the cathode fall p resent ed in Figures  l4 to

19 are as valid at 1 atm as at 1 Torr. The inclusion of attachment as an

electron loss mechanism does not destroy this scaling. However , recombination,

which int roduces a term quadratic in the charged particle densities , does alte r

the similarity laws in the negative g low. At higher pressures , where recom-

bination is more significant, the length of the negative g low is expected to be

reduced from the usual scaling prediction.
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7.0 SHEATH CHAR ACTE RISTICS

An investigation of the voltage-current characteristics of the cathode sheath

using the compute r program SHEATH has shown that there is a range of

pa rameters where the gross electrical features  are approximated by the

Townsend model of ionization with a linearly va ry ing electric field . Devia-

tions occur at ve ry high and ve ry low value s of the cathode fall potential,

V . As V increases for a given cathode fall distance , d , the electronsc C C

a re accelerated quickly to energies above the peak of the ionization cross

section and current  multiplication in the sheath is reduced. This behavior

is seen in the nume rical solution but not in the equilibrium model. At low

values of V , on the order of seve ral times the ionization potential , the

free-fal l  region near the cathode , where no ionization take s place, becomes

important. This region is not considered in most equilibrium models .

At intermediate values of Vc near the normal operating conditions ,

a simple equilibrium model with linearly va ry ing field has been used to

estimate gas heating in the cathode sheath. Tempe rature profiles are calcu-

lated and it is found that thermal conduction to the cathode is more important

than convective cooling for  moderate Mach number flows.

7 ,, 1 Linear Field Approximation

It has been observed experimentally and confirmed in nume rical simulations

of the cathode fall region that the elect ric f ield , and consequently the dis-

charge powe r density, vary linearly with distance from the cathode. Thi s

is t rue for  b oth equilibrium30and nonequilibrium models with constant gas

density as well as for  a model incorporating the full gas dynamic equations

of a compressible boundary layer .1 Using this empirical observation as a
sta rting point , it is possible to construct a very simple yet accurate picture

of the cathode fall including gas flow.
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First  we will derive closed-form expressions for  the cathode fall distance

and potential drop as a function of the current and gas pressure.  Then , the

power density will be calculated to dete rmine the temperature rise in the

the rmal bounda ry layer under steady-state conditions . This temperature

rise corresponds to a gas density defect at the entrance to the positive

column which can lead to the rmal instabilities in the plasma.44

The electron current density in the cathode fall satisfies the following con-
tinuity equation,

~~~ 
(71)

V 

where C. is Townsend ’s f i r s t  ionization coefficient and y is the distance f rom

the cathode. The processes of electron loss, such as attachment and re-

combination, are  neg li g ible compared to ionization in the cathode fall. The

solution of Equation (71) is

3 eo exp [J’~” ct(y ) d y] (72)

where 
~eo 

is the electron cur ren t  density leaving the cathode.

In Townsend ’s ori ginal experiments , e lect rons  produced by illumination of
the cathode were a llowed to dr i f t  in a uniform electri c field and the current

growth was measured as a function of distance . If the electrode sepa ration
is not too small , the electrons spend most of their time in equilibrium between
the field, E, and the gas density, N, and 0. depends only on the ratio E/N.
This dependence has the form

A p exp(- Bp /E) (73)

where p is the pressure reduced to 0°C and is propoTtional to N. A and B
are constants.
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In the cathode fall region, the electri c field and gas density are changing
so rapidly with position that the electron s neve r reach equilibrium , and
it is not possible to relate 0. to any local variable. (It has been suggested 45

that the mean energy,  E , and through it 0. , may be expressed as functions
of the average field , V(y)/y.  This approach was later modified39

to account
for the f r ee- f l ight region near the cathode. ) Howeve r , the coefficient 0.

appears in Equation (72) unde r an integral ove r position, In the present study,

it has been found that the use of Equation (73) in (72) with a linear field de-
pendence gives an accurate prediction of the electron current  growth in the
cathode fall. In othe r wo rd s, the expression for  c L ( E/ p ) may not apply
locally, but in an integral sense , ove r the whole region , it has some validity.

If the e lec tr ic  field is given by the expression ,

E(y ) E ( i - (74)

where E is the e lectr ic  field at the cathode and d is defined as the cathode0 C
fall distance , then

in = 

d 

= Ad {e~~~~~~~~0 f  E1 (k)] (75)

where E
1 

is the exponential integral  function, A A~~ and ~~ = ~~~~~~

The electron and positive ion current  densi t ies  at the cathod e are related
by

j 
~~~~~~~~ (76)Co + 0

where )‘is the secondary electron emission coefficient. At the ed ge of the
cathode fall, the positive ion current density is negligible so

j ( d ) 
(77)
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and In = In (1 + 1/ V ) 5  The cathode fall distance can therefore

be written from Equation (75) as

ln( l + 1/)’) 78)d = 

~~ [e~~~~
Eo~~~~~ E1~~~~)] V

The current density can be found from Poisson ’s equation ,

~E =~~~~.(n - n )
e + 9)

0

evaluated at the cathode surface

( ~ E \ e 
= - 1 1 J~. (80)

~~~ y /  E~~ + C O l + ) ’ v
0 + 0

where v~ is the positive ion drif t  velocity.

In the cathode fall region , the positive ion mobility is limited by charge

exchange. If the cross section for  this process is nearly constant then43

= k~ (-a ) (8 1)

If we now define
E

d = , 
(82)

c

then from Equation (80) 
E

= E k~ ~~~~~~ 
(n : ) 

(83)

This express ion is valid f or any f ield dependence , not just the linear depen—

dence of Equation(74). Equation (83) agrees ve ry well with experimental

observations in helium at 1 Torr and with nume rical p redictions~~
0
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We now have the current density and cathode fall distance expressed in terms
of the physical constants, A, B, and Y , and the parameter , E . With the
cathode fall potential given by V = 1/2 E d , we can plot p d  and V as

functions of i/p  (Figu re 20). The minimum in the cathode fall potential is
defined as the normal operating condition, with the prope rties

0.57 AB k
+ ln( l + 1/7) (84)

V = 3 ln ( 1 + 1 /7) (85)n A

p d = ln( 1 + 1/)’ ) (86 )o n  A

These results for constant temperature are presented in many standard texts

on gaseous electronics.

— 1  — lFor a discharge in argon with an iron cathode, 7 0. 04, A 14 cm Torr
B = 180 V cm~~ Torr~~~, and k + 8. 25 x JØ 3 cm 3

~
’2 

Torr u / ’Z v~
1
~~ ~

_ l

In this case

n -6 -2 -2
= 4 . 5 x 1 0  A c m  Torr

H
V = 126 V
n

p d = O,86 cm Torro n

These values are in close agreement with the numerical calculations of Ward30

even though he used a different expression for 0. (E/p ). Howeve r, the
V 

normal current density is considerably low and the distance somewhat high
in compa ri son with experiments. ( The expe rimental values can be obtained
with a different choice of physical constants. )
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7. ~ Gas Heating in the Cathode Sheath

The reduced p r e s su r e  appearing in Equation (83) is measured at the

cathode su r f ace .  Because of gas heating in the cathode fall  reg ion , p may

be considerabl y d i f f e r en t  f ro m  the p re s su re  in the positive column. The

t empe ra tu r e  r ise in the cathode fall  can be dete rmined from a knowledge of

the power distr ibution and the thermal  conductivity of the gas. Since the

current  density is independ ent of position , the discharge powe r density , is

g iven by

P (l - (871

where P = j E  . Essentially all of the power dissipated in the cathode fall

goes into heating the positive ions which in turn heat the gas through charge

t r a n s f e r  collisions. Thus , Equation (87) can be considered as the rate of

heat addition to the gas.

In a discharge channel with flow parallel to the cathode surface , a boundary

layer is established due to the finite viscosity of the medium. The gas

veloci ty in the boundary layer  goes from zero at the cathode to a maximum

value in the f ree  stream. For gas flows near  standard density ’ P3, the

thickness of this layer, 6 , is much greate r than the normal cathode fall

dis tance. and increases in the downstream direction. For example , in the

case described in Reference (1) with a free stream density, p = 0. 3p,

the boundary layer displacement thickness was 0. 2 cm at a distance 10 cm

downstream of the nozzle. The cathode fall thickness was found to be 0. 007 cm.

Thus, the cathode fall is well within the lamina r sublayer , and for subsonic

flows at least, the effects of convective heat transfer in this reg ion may be

neg lected.

We now define the heat conduction problem by conside ring a solid cathode

of thickness t interfacing the gas at y = 0. The tempe rature of the back

face of the cathode has the constant value T at y = -t. Heat addition to

.75
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the gas is defined by Equation (87) and the heat flux into the stream at

y = d is represented by q .  The the rmal conductivity of the gas is assumed

to have a powe r law dependence on temperature, i. e.

I T \~
K = ‘c  i p (88)
g o \T /

where T is some reference temperature, here taken to be the temperature

at y -t. The gas temperature in the cathode fall satisfies the equation,

~ / ~T\
~~~~~~ (~,,

K
g

(T) 

~
-
~
-) + Q(y) = 0 (89)

where ~~(y) = P~(y) . In the cathode itself

T
K = 0 (90~c 2

where K , the thermal conductivity of the cathode mate rial , is assumed

constant. The temperature distribution is then,

K (T - T )  = 
(+ 

Ô d - q
~)(Y 

+ t) (91)

for .-t < y < 0  and

K T ri ~ 1+a IT \ l +al  / ~ 2\ /O O p j T \ I w l  p _ . , Y y~~~ ~~l .
I + a 

L~
t
~T )  

- \i~7 J 

- 
6 d .-i

~j 
+ ~~

-
~~- Q d • q y

(92)

for 0-< y - < d c, where

K
~~

(T
~~

_ T
0

) ( f — â0 d~~ _ q ~~) t  . (93)
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The tempe rature at the edge c~f the cathode fall , T , is specif ied by Equa-

tion (92) with y = d .  The heat flux into the free stream is given by the

usual expressions for local heat flux in laminar or turbulent flows ove r

heated flat plate S. i. e,

~~minar: q (x) = 0. 332 k P1’3 R u / 2  ( T -  Ta
) ± (94~~

Turbulent: q (x) = 0. 0288 k R (T - T I —~-— (94b)
C x c a x

Here the the rmal conductivity, k , was assumed constant , P is the dimersion-
V 2

less Prandtl number, R t h e  Reynold ’s number ( t Jx / u ) ,  and T
a = ~ç+ V’

~~
-
~’~-

is the adiabatic wall tempe rature. In both cases , the heat flux increases

with T and decreases with x, the distance measured from the leading edge.

However, for laminar flow (R~~< 5 x 10~ ) q (x) -.- x~~
”
~ , while for turbulent

flow ( R >  5 x l0~ ) q (x)

-An estimate will now be made of the relative importance of q in determining

the temperature distribution in the cathode fall. For a turbulent flow with

a = 1 and T
a 

= T0 , the temperature at y = d is found from Equation (22) to

be,

/ 
~~~ 

d \  1 • 2
K (T - T )(~ + 0. 0058 R —) = — Q d ( 9 5)
o c o x x 6 o c

The temperature without flow is obtained by setting R~ = 0. Thus convecti ’ -:

cooling can be neglected when U < <Ui = 
6 2 5u  (_2S_) 1/4 When U =

the temperature at the edge of the cathode fall is reduced by a factor of two.

The critical Mach number, M~ , is given by

M , + - 
M

2
~~ = 

625~~ ( x ~~ (9~)2 *, c p d  \ d /
~~ w c c

where ~i. and c~ are the f ree  stream viscosity and sound speed , respectively,

and = p (p /760 Torr)  is the gas density at the wall.
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For nitrogen at T~ = 300 °K this condition becomes

i 1M
~ (1 + “ M 2

) 
= 34. 5 ( p  x) (97)

with p in arnagat and x in cm. The critical Mach number at x = 10 cm

in N
2 
at standard density is M.~ = 5. 6.

The temperature distribution defined by Equation (92) agrees ve ry well with

the numerical results of Reference (1). When convective cooling is ignored

the temperature rise in the cathode fall reg ion is from Equation (92).

K T l+a T H-a
° °  [(+) - (-f) 1= _

~
_
~~~~ d

2 (98)

Here we see the importance of cooling the cathode in order to minimize the

density defect caused by gas heating. However, cooling the cathode to a

temperature much below T~ can have only a limited effect if ~~T >>

The boundary layer on a flat plate makes a transition from laminar to turbu-
46

lent flow at a Reynold’s numbe r ,

U x
_ _ _  

5
R = — .-3x lO (99)

V 
x ii

where U is the f ree  -s t ream velocity, x is the distance from the leading

edge of the plate and v is the kinematic viscosity. In n i t r o g e n  at STP

0. 133 cm
2
/sec, and the transition occurs at about

1. 2 cm
x . = (100)

crit  M

h it. r t -  NI = U /c is the free -stream Mach number. For x > x . momen-
cr it ,

I_ u -  an ’f  ~~~at  t r ans fe r in the boundary laye r are dominated by turbulent

he thickness of the layer is46

= 0. 37 x R ° 2  (101)
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correspondin g to the point at which the long itudinal velocit y reaches 99 per -

cent of its f r ee - s t r eam value . For a given veloci ty, ~ grows as x° ’ 8 
un til

the entire flow channel is turbulent.

The normal thickness of the cathode dark  space in a glow discharge  is
52

typically

d p = 0. 3 - 1.3 cm Torr (102)n o

whe re p is the reduced pressure  at the cathode surface , i . e , ,

273 Kp0 = ~ T (103)

In a ni t rogen d ischarge  at STP with an iron cathode 52

d p = 0. 42 cm Torr ( 104)
n o

and -4d = 5. D x l O cm .n

On the othe r hand , we see from Equation ( 101) that > 0.036  cn i / M  in the

turbulent  reg ime . Thus , under no rmal condi t ions at a tmospher ic  p re s su re ,

the c athode sheath is embedded well within the turbulent  boundary l aye r .

For  a g ive n te mpera ture  the kinematic v i scos i t y is inve r se l y propor t ional  to

p r e s s u r e, so C var ie s as p 0 2 . On the other hand , d var ies  as p 1. Thus ,

at low p r e s s u re , the ratio of d to is small onl y at very  la rge x , but in

this  case the t ransi t ion to turbulence also occurs  at l a r LZc r  value s of x .

V \Vr i t t cn  ir. te rm s of X . we havecrit
0. 8d i x  . \

= 0.015 j crit 
M (105)

~~~~~x j

where  the constant  is independent of p r e s su re .
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In the reg ion very close to the wall, the velocities are so small that viscous

forces continue to dominate over inertia forces . This is known as the laminar

sublayer.  The thickness of this laye r on a flat plate is~~
6

C- = 29. 5 x R -0.9 (106)
2 x

For a given velocity, ~ grows as x° 
l
, or much more slowly than ~~. Using

Equation (100) in Equation (106) we see that -~~~ 4. 2 x l0~~ c rn/M in nitrogen.

Thus , for subsonic flows, the normal cathode dark space and laminar sublaye r

have roughl y the same extent . The pressure  scaling of is as p
0
~ 

~~
, simi-

lar  to d . Writ ten  in te rm s of x . for nitrogen at 0°C , we have
ii crit

0. 1
d ,x .

= 1. 3 ( ‘ ‘~~~ ) M ( 107)
C x

where  once again the constant is independent of p ressu re . For argon at 0’~C ,

it becomes 1. 2 , wh ile for  helium at the same temperature, it is 0. 5.

In the Laminar  reg ion , the transport of heat normal to the flow take s place by

conduction. This can be seen by introducing the dimensionless form of the

energy  equation with constant fluid propertie s

~~~~~~~~~~~~~~~~~ 

-~a~ = 

~~~ 
(
~

-
~

-
~ 

+ -- _
~
) + ~

- -
~
- Q (108)

where ~~- is the yiscous dissipation function , P = p —
~~

-
~~

- is the Prandtl

number, and E = 
~ ( T )  is the Eckert number.

p

V 
0

In the definit ions above , c is the heat capacit y per unit mass , K is the thermal

conductivity, and (~~T) is th~ d i f fe rence  between the wall temperature  and the

maximum temperature  in the boundary laye r . The leng ths in Equation (108)

are normal ized  to x and the velocities to tJ ,,. The rate of heat addition is

A 80
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normalized as fol1ows~
O x

P c  U (AT)  (109)
p
~~~ 

0

The orders  of magnitude of the normalized velocitie s in Equation (108) are

found from the solution of the laminar boundary laye r equations to be

u 1

and 
v -~

The derivative s of h ° and T with respect  to x are of orde r 1. The derivatives

with respect to y are estimated as follows: Since the heat addition takes place

within a sheath of thickness, d, the tempe rature (and h °) will reach a maxi-

mum value at y , such t h a t o < y  <~d. Thu s, in the reg i o n o < - y < ymax max max

‘

~~ d
and

Later we will see that y d and these approximations are valid through-

out the sheath.

Now, replacing the terms in Equation (108) with their orders of magnitude,

we have

1 + -

~~~~

- = pi~ (
1 + + j  —~~~

-
~~
- + Q (110)

x d x

The te rm s on the left in Equation (110) are both of orde r unity for  the normal

cathode sheath. The f i rs t  te rm on the ri ght is small compared to the second ,

i .e .,  there is little or no heat flux along the surface . Using Equation s (101)

and ( 105), the second term become s

17 / x
2 l x

PM \ crit

whe re P - 1 for gases . So for subsonic flow and x >x . , the conve ctive
C n t
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t e r n i s  on t he ic- f t  of E 1tI ~i t i o i I  ( 1 O~’-~) ar e  neg li g ible  compa red  to the conduct ive

tc- rm on th e  r i i~ht . I ’lie r a t i o  of v i s co u s  h e a t i n g  to the r n i a l  con du c t ion  is of

th e o rder  N , w h i c h  is sm a l l  when
U

( ‘ I )  —‘-
-
~ 

— ( i l l )0

L’qu a t i n g  t he r e m a i n i n g  t \ v ( )  t e rm s  in Eq u a t i o n  ( l i t ) ) we f ind , for 1~ 1,

(~~T) 0 ( 1 1 2 )

In the ca t~ -~~le shea th , the p r i n c i pal hea t  addi t ion  is b y c o l l i s i o n s  with posi -

t ive io n s , wh ic h accoun t f or most  of the c u r r e n t  in a cold cathode sheath.

Thus ,
Q jE  (113)

whe re  j is the cur ren t  densi t y and E the e l e c t r i c  f ie ld . S t i l l  d e a l i ng  in o r d e r s

of m a g n i t u d e , we can r e w r i t e  Equa t ion  (1 l~~) as

V Vd
j  -

~~~
— ( 1 1 4 )

where  V = Ed is the d rop  in po ten t ia l  a c r o s s  the shea th . Typ ica l  value s of

(~~T)
0 

for  va r ious  gases  on an i r o n  ca thode a re  shown in Table I at 1 Tor r

and 300~K.

Table I

He H 2 Ar  N 2

( A T )
0 

0. 26 8 .7  18. 5 139. (~~K )

These were obtained by using normal value s of current density, potential and

sheath th ickness .

Now that we have an equation desc r ib ing  heat d iss i pation in the sheath , we

can cons t ruc t  a model which couples the field , the plasma , and the gas in a

se l f -cons i s t en t  manne r . In o rde r to examine the ef fec ts  of gas densi t y
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varia tions within the s l i ~- i~it h on the sheath cha racter is t ics, we begin with a

simple model which t r e at s  f t -  e lec t rons  as being in equilibrium with the
V field It has  bc-en showr ~ iii  Section 6 that  this  is not a good approximation

in t r e a t ing the f i n e  dc-taiLs of sheath s t ruc tu re  such as electron density oscil-

lations near the cathode . Howeve r , fo r  d e t e r m i n i n g  the e lect r ic  field vari-

ation wi th posi t ion and the rate of heat  addit ion to the gas , it is quite an

ade quate approximat ion in the v ic in i t y of the no rmal operating point.

The equations to be solved for the stead y state are simply

= S + ~ j - r n n (115)
e e e +

j = e n v
e c c

= j - j  = e n v
e + +

e-— (n - n  ) (11 6 )- V € + C- 0

v = u p  I —
C C

1/2
v = k i—

+ +

~.ì. ~~~~~ -~~\ + E = 0 (1 17)
~y /  -+

The Townsend ionizat ion coef f ic ien t  y is r ep resen ted  by

-~ = Ap exp ( -  Bp / E)
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The various constants for nitrogen are

—1 —l
A = 12 cm Torr

B 342V cm
4 

Torr ’

5 2 -l -1
~.i, p = 2.8 x 10 cm Torr V sec

e o
3 3/2 1/2 -1/2 -1

k = 8 x 10 cm Torr V sec

-4 T 0.77 -l -l
= 2.6 x 10 

(3000K) 
w cm

r = 8x 10 cm sec
e

The numerical  integration is s tar ted at the ed ge of the sheath , whe re n ii
e +

and proceeds until the boundary conditions j = vi and T = T are satisfied
+ e

at the cathode surface. Sin ce the two conditions must  be satisfied simulta-

neously, a “shooting ” technique is employed , whe re the initial temperature

is varied until convergence is achieved .

With regard  to p ressure  scaling, we make the following observat ions . In

the absence of recornbination and gas heating, the s imilar i ty  variable s (i .e . ,

variables which make the system of equations independent of p ressure ) are

S/p
3, j / p

2
. L/p ,  and yp. Using these variable s , the recomn b ination te rm in

Equation (115) and the heat addition term in Equation (117) are directly pro -

V portional to p r e s su re . Recombination is onl y s ign i f ican t  in the negative glow

and positive column and does not af fec t  the sheath charac te r i s t i c s  appreciably.

However , as pointed out in the last section , gas heating is ve ry important

even at low pressures. Thus, the usual pressure scaling no longer holds.

If K we r e cons tant , then tempera ture  changes in the cathode sheath would

scale directly with pressure. Since K increases with T, the actual scaling

should be less than linear with p ressure .  Howeve r , the heating term is

modified by the variation of p in the sheath and it will be shown below that

the e ffects of variable K and variable p tend to o f f se t  one anothe r , such

A 84 
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that AT still increases directly with pressure . This fact represents the

major  stumbling block to operat ing cold cathode discharges  at hi gh pressure .

V 

The electric field in the sheath is plotted in Figure 21 as a function of position

for  three d i f f e ren t  p ressure s . Scaling variables are used so that, if p were

constant , all th ree cu rves woul d co inc ide . The deviations are minor for pres  -

sures up to 300 Torr. Note in particular that E/p at the cathode surface is

practically constant. The cathode fall potential is only sli ghtly hig her at

300 Torr than at 10 Torr, but increases significantly at I atm.

The temperature distribution in the sheath is shown in Figure 22 . The flow

velocity is assumed to be small so that

0 (118)
~y y= d

This is also true unde r static conditions if the electrode spacing is large

compared to the sheath dimension . Notice that the width of the the rmal

boundary laye r is less than the cathode fall distance and that the tempera-

ture reaches its maximum value well within the sheath. At 300 Torr , the

temperature at the plasma-sheaith boundary is 950 K and the gas density is

onl y one third of its free stream value . In an e -beam sustained device

where the electric field is determined by the applied voltage, the E/p or
E / N  at the edge of the sheath will be three times as hi gh as in the core flow.

Thus , if E / N  must be maintained below a critical value where volume ion-

ization beg ins to compete with the e -beam source , the temperature in the

boundary laye r presents a seve re limitation on the applied voltage, and hence

the powe r density, which can be achieve d before instabilities occur .

In tl~ t ransient  case, where a voltage pulse is applied at t 0, the tempera-

ture distributions of Fi gure 22 will take some time to develop. The re are

two time scales of importance here: The time required to heat the gas in

85

4

~~~~ 

_  

5.

- - V. ~~~~~~~~~~~~~~~~~~~~~~ — _ _ _ _

~~~~~~~~~~ 
_

V.~~~~~~~~ _~~~~__ _~
V” - --— -~--~~~~



V.V V. V~~~~~~~~ V.~~~~~~~~~~V. V.

600

N2
V • 0.06

500 - T~ • 3000K 
V

= 15 ~A/ cm2/Torr 2

400 -

E
p

p
300 - i

,’— 300 Torr -

(

1.. ) ~~~~~~~ i~~
Torr

200 . V

100 - -

0 I I

0 0. ~ yp (c m Torr) 1. 0 1.~

Figure 21 Electric Fiel d in Cathode Sheath with Gas Heating
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I
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Figure  22 Tempera ture Variation in the Cathode Sheath
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the sheath, T
1
, and the time it takes a pressure disturbance to propagate

across  the sheath , T
2•  The f i r s t  characteristic time is approximately

T ~- 
1
~ v (AT) (119)

1 •— 0

where C v 
is the specific heat per unit mass at constant volume. Taking for

nitrogen Pc
v = 3 Nk and using Equation (114), we have

3 N k  d2 (120)

where N is the initial gas density. In nitrogen at STP and no rmal current

density on an iron cathode ,

1 
0.65

— lThis value scales as p , so that a 1 Torr  T —~~ 0. 5 msec.

The second character is t ic  t ime is ju s t

T = -~~- ( 121)

Again in ni trogen at STP , 0.017 I-Isec. This also scales as p
~
1
. Since

the p ressure  in the sheath equilibrate s on a time scale corresponding to T
2

,

which is much less than T
1

, the assumption of constant pressure  applie s to

some degree in the t rans ien t  reg im e as well as in s tead y state.

It should be pointed out here that if the d ischarge is operated at cur ren t  den-

sities greate r than j , then d is less than d • and both and will be smaller
n n 1 2

than their normal value s . Attempts to operate at cur ren t  densit ies  less than

in 
will result in bunching of the current at the cathode such that the local

This is a two -dimensional  effec t  which has not been treated unde r the

present  contract  due to tim e limitations.

The temperature  rise across  the sheath is plotted in Fi gure 23 as a function

of pressure .  Note the nearl y l inear dependence as suggested earlie r . The
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Figure 23 Temperature Rise in the Cathode Sheath
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appear~ ~ce of these temperature increments  and associated dens i ty  defe c t s
at the ed ge of the cathode sheath on time scales as defined above must  have
se rious consequences  for  the stability of d i scharge  devices at hi gh p ress ure .

V Although the adiabatic propagation of density dis turbances  at the local sound
V speed is too slow to account for many of the observed instabilitie s in TEA

disc harges  and c -beam sustained devices , these disturbances  may be dri ven

by locall y enhan ced ioniza tion and gas heating at much gre at er veloci ties .
The refore , the coupled field , plasma, and gas equations must  be t reated self -
consistent ly and time -dependently in order to deal with this  situation . In
addition to long itudinal instabili t ies, th e r e are oth er ins tabilities resultin g

from t r ansve r se  nonuniforrn i t ies  in the e lectr ic  field or external  ionization
which cannot be dealt with unde r the p resen t  f r amework  but which must be
considered in a general  stabili ty anal ys is .

The full tempe rature distr ibution in the cathode sheath and boundary laye r is
shown in Figure  24 for  th ree d i f f e ren t  Mach numbers . The sheath dimension
has been expanded relative to the b oundary layer  th ickness  in o rder  not to
obscure the de tail in this reg ion . The tempera ture  and heat flux at the sheath -
boundary laye r interface are continuous . Note the minimal cooling provided
by low Mach number flows , The relat ive density  change ac ross  the boundary
is actuall y greate r at hi gher  Mach numbers  due to the adiabatic cooling of
the core flow.
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Fi gure 24 Temperature Distributio n in the Cathode Sheath - Boundary Layer
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8. 0 STABILITY ANALYSIS

The temperature and electric field at the cathode surface are critical in

dete rmining the stability of the discharge. if the rmally enh anced electron

emission become s significant, the uniform glow collapses into an arc. This

occurrence can be forestalled by proper cooling and conditioning of the

cathode. For a given pressure and electrode configuration , however , there

exists a maximum current density for stable operation. Electrode cooling

and thermal stability are covered in Section 8. 1.

The effects  of f ie ld  tailoring and auxiliary ionization on sheath characteris -

tics and discharge stability are examined in Section 8. 2. It is found that

field tailoring in e -beam sustained devices is effective in counte ring thermal

and chemical changes which occur in the flow direction. These changes

occur principall y in the positive column, but they can modif y the current

den s ity distribution which affects  the sheath . Auxiliary ionization typically

h as a neg li g ible e ffec t  on sheath characte ristics , but it can lead to the rmal

instabilities at the ed ge of the cathode fall which propagate into the positive

column .

8. 1 Electrode Cooling and Thermal Stability

In the ‘ast section , it was assumed that the cathode surface was maintained

at a tempe rature T = 300 ’K. In practice , the cathode must be cooled on

the s ide away from the d ischarge , for example , by passing a fluid with hi gh

heat capacity ove r the surface. The tempe rature at the cathode -gas inte r-

face then depend s upon the thermal flux incident from the discharge. The

effect  of ra is ing the temperature at the cathode surface is to decrease the

density of adjacent gas and , if the current  density is held constant , to in-

crease the the rmal flux . This process leads to an instability in which the

cathode temperature and electric field at the surface inc rease without boui~d.
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The combination of inc reasing temperature and electric field eventually

changes the electron emission process  from one which is independent of T

to one which increases with T , e. g. , thermionic field emission. When the

emission of electrons is an increasing function of T, the slope of the voltage-

current  characte ristic for the sheath goes negative and the discharge col-

lapses into an arc. In the following paragraphs we will show that this process

is inevitable once the local current density is raised above a critical value

which depends on pressure.

At low temperature, the principal mechanisms for emission of electrons

from the cathode are ion impact and photoemission. Unde r ion impact, the

electron current  at the cathode is related to the ion current  by

~e, i = ‘
~
‘i~~-~- 

(122)

where y. is the electron yield per ion. The factor is a function of ion

species and energy as well as surface material and condition. In the high

field reg ion of the cathode sheath the ion species is typically the singly ion-

ized component of the parent gas with an average ene rgy

E/NQ (123)

where Q is the cross section for  symmetric charge exchange. In argon with

E /p ~~ l000 V cm~~ Torr 4, £ . S e V and in heliuni with E /p ~...230 V cm~~
0 0 1 0 0

Torr 4, 6
i 

..~~ 2 . 5 eV . The yields for these ion s on atomically clean tungsten

are 53 y. (Ar4 ) = 0. 10 and 
~~~ 

(He4 ) = 0. 29. On tung sten cove red with a mono-

layer of N2, ‘
~~~ 

(Ar4 ) 0.035 and V~ (He4 ) 0. 17. Thu s the treatment of the

surface is critical in dete rmining accurate sheath characteristics.

In addition to ions incident on the cathode surface the re may also be photons

with sufficient energy to eject an electron. The threshold frequency for photo-

emission, 1,i  is defined by

h&i = p ( 124)
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where cp is the work function of the material. This ranges f rom ~ eV to 5 eV

for most metals. An expression for  the photoelectric cur ren t  was derived
54

by Fowle r
fh(p -p )1

3 e,p h 
= CT J I U~?)x ~L kT J dv (125)

where C is a constant that depends on the propertie s of the solid , 1 is the

incident radiation intensity, and X is a universal fun ction which Fowler

expressed in series form .

The intensity, 1(v), is dependent on the gas and the operating conditions and

geometry of the discharge . In general , we can write

I(~~) = n (v , E ) j  E2(v)  (126)

where is the eff ic iency for producing photons of frequency v in the discharge

and .t is a characterist ic  length . If the radiation is not trapped by the gas ,

then L is defined by the geometry of the discharge reg ion. If there is si gnifi-

cant trapping, then L is relate d to the trapping distance.

For a given gas and applied electric field , the photoelectric cur ren t  is

directly proportional to j , i. e.,

3e,p h = 

~
‘ph~ 

(127)

where is a function of E and various geometrical factors . Now we can

relate the total electron current  to the ion current  at the cathode surface by

+ 
~~

‘ h
j = j (128)
e 1

~~~
’ph 

+

and define an effective V

- ~
‘i~~~ phV -

~
‘ph

‘~jth ich includes both ion and photon processes. In a gas where the uv emission

comes principally from transitions between excited or ionic states, there is

little trapping and V may be much greater than
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The cathode fall potential at a given current density, and hence the heat

loading in the sheath, is a sensitive function of V. In particular, the normal

current density increases with V. Therefore the choice of gas and cathode

material and the treatment of the cathode surface can have a significant

effect on the operating characteristics of the discharge.

The heat flux to the surface of the cathode is just

=jV (129)
~y y=0

. 2 2
For a given V the cathode fall potential, V. is a function of ~ 3T /p

4 w w
where T is the temperature at the cathode surface. If the cathode thick-

ness is t a nd the back face is held to a temperature, T , then T is given

by

(T - T )  = jV( ~~~) (130)

where is the thermal conductivity of the cathode. Solving Equation (30)

for j in term s of the s imi lar i ty  parameter  ~~ , we h ave

1/2  iizl
3/’  Kc ~w - 

~o I
= 

t V(~~~ ) j  (131)

The quantity in brackets has an absolute maxirnuni as a function of

Therefo re , above a certain value of j the re exists no stead y-state  ~ or T .
w w

At this critical current  density, the temperature and electric field at the

cathode continue to increase until arcing occurs .

From the form of Equation (131) it is clear that arcing may be fo restalled

by effective cooling. In particular, the ratio K i t  should be maximized by

using thin , hi ghly conductive cathode s. It is also desirable to use gases

with low normal current densities so that the heat loading in the sheath is

minimized. By using very clean , water-cooled, metal electrodes, a normal

9;
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glow can be maintained in pure hydrogen at pressure s as high as 13 atm

and currents as high as 14 amps.

The cathode fall potential as a function of reduced current density in nitrogen

is shown in Figure 25 for a number of pressures. The cathode is 1 cm thick

aluminum, cooled on the back face to 300°K. The curve s are shifted to the

left at high pressure s because of the redu ced gas density at the cathode sur-

face. At the critical current density for each pressure, the slope of the

curve s goes to infinity. The circle s indicate the points where the wall tem-

perature reaches the melting point for aluminum. Obviously the emission

process will become the rmionic before then and the discharge will collapse

into an arc. At pressures above one atmosphere, this transition occurs

below the normal current density and the discharge always arcs.

8. 2 Field Tailoring and Auxiliary Ionization

In an electric discharge with transverse gas flow, significant heating and

chemical reaction may oc cur during trans it through the device. The change

in gas density and chemical composition will alter the ratio between external

and volume ionization and may cause instabilities to occur. One technique

for counteracting this effect  would be to vary the electric field in the flow

direction by segmenting the electrodes. This approach would also allow

individual ballasting or current  control of each segment which would tend to

maintain a uniform current  distribution.

The changes which take place as the gas flows through the discharge occur

principall y in the positive column. Since the velocity in the sheath reg ion

is small, there is little communication between upstream and downstream

segments. Howeve r , the gas heating which occurs in the sheath causes the
1

thermal boundary laye r t~ grow at a more rapid rate . The expansion of

this hot, turbulent gas into the positive column together with  the normal

bulk heating of the core flow leads to a severe reduction of the local gas

A
96

~~~~ 
_  _



_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  
- -  - -~~~~~~

7(X)

N2 I
I 

I
600 . Y~~ . 0.06 I

I I j
cathode lcm Al I I

I I j

500 / I
p - 3.0 I 1.0 / 0. 3 / 0. 1

VC / / /
/

(V) ,/ ~~~

/ /

— 
—

200 -

100 I I I I  I I I I I  I I I I

0.1 1.0 10 100J1p2 (A cm 2 atm 2)

Figure 25 Voltage-Current Characteristics with Gas Heating
(pressures are given in atmospheres )
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density and , for constant  field , a cor res ponding inc rease in E / N .  Most

e -beam sustained discharges  are operated at E / N s  limited b y some form of

ionization or the rmal instabil i ty.  An E / N  which is allowed to increase in

the flow direction , then , restr icts  the powe r densit y which can be achieve d

in these devices . If the electr ic  field is graduall y reduced in the downstream

direction , then theoretically E/N  can be kept constant  and the limiting powe r

density increased .

The changes which occur in the plasma are communicated to the sheath throug h

the local cur ren t  density . The sheath does not see the electric field in the

positive column or the gas density directl y. The cathode sheath merel y has

to supply the cur rent  required by the discharge, which is dete rmined by the

conductivity in the positive column. If the local conductivit y of the d ischarge

drops too low , then the current  densi ty required f rom the cathode may exceed

the maximum value discussed in the last section and the g low will  collapse.

On the othe r hand , there are instabilit ies which occur  in the positive column

which lead to constr ict ion of the column even with an extended cathode glow.

The presence of external ionization also affects  the cathode sheath onl y in-

direct l y. The level of exte rnal ionization is typ icall y small  compared to

volume ionization in the fall reg ion. An analysis  such as that in Section 7. 2 ,

including an exte rnal source term in the electron continuit y equation , indicate s

that the electric field near the cathode is independent of the source.  In the

t rans i t ion to the positive column , howeve r , the electr ic  field is hi gher than

with no external  ionization . This hig h field in a reg ion where the gas density

is reduced by heating does strengthen the possibility of thermal  instabilities.
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9. ’) CONCLUSIONS

The r e sea r ch  u n d e r  this  con t rac t  has answered many questions relating to

bzt~~ic processes  in the plasma sheath . In par t icu lar , the effects of nonequi-

librium energy  thstributions and gas heat ing on sheath characterist ics and

stabil i ty have been addressed . Howeve r , the present  findings do not close

the book on the stud y of interactions between sheath and plasma in hi gh pres-

su re d i scharges  and ionized gas flows .

Two par t icular  aspects of the sheath problem require fu r the r  study. One is

the t rea tment  of the cathode sur face .  The potential drop across the cathode

sheath , and hence the heat loading in this reg ion , can be redu ced by increas -

ing the effective electron y ield. This can be accomplished by the use of

oxides as dielectr ic  layers or the use of helium as a gas laye r above

the surface .  Fur thermore, the tendency of the positive column to constr ict

and eventually collapse at hig h p r e s s u r e s  may be ave rted by employ ing re-

s t r ic t ive  or sern iconducting cathode mater ia ls  to provide localized ballasting.

The resist ive cathode would also allow ta i lor ing  the field without alternating

metall ic  and d ielec t r ic  s tr ips which resul t  in s t rong t r ansverse  fields at the

su rf ace .

The othe r area needing more s tud y is the sheath -plasma inte rface. Unde r

the present  contrac t  it was not possible to obtain a smooth , se l f -consis tent

field t rans i t ion  in this reg ion us ing  the nonequilibrium code and the equilib-

rium model is que s tionable in the operating reg ime where stability becomes

a factor . The problem can be solved by modif y ing the iteration scheme

used to obtain a se l f -cons is ten t  f ie ld . This would allow the calculations to

be extended to the positive column where the field is uni form and boundary

conditions can be established without the presence of an anode .
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APPENDIX
Asymptotic Solutions

The collisional Boltzmann equation for  electrons suffering elastic and in-
• elastic collisions is not amenable to exact , closed-form solution except

in the case of constant collision frequency. In the general  case , nume rical

methods are  employed using tabulated experimental cross sections. In order

t o make the solut ion trac table , it has usually been necessary to make some
• approximation in the angular dependence of the velocity dis tribution function.

The most common technique is to expand this function in a series of Legendre

• polynomials , which is then truncated after  two terms. This approximation ,

which has been labelled P1, is ver y accurate  at moderate electr ic  field

st rengths  in cases where the inelastic cross  sections are not too large and

the elasti c cross section is isotropic. In the present work , we have used

an approximation where electrons moving with the field are placed in one

group and electrons moving against the field in another. Thi s technique . which

will be called G2 , is mos t accurate  at hi gh field strength s where hi gh energy

elec trons a re  scattered predominantl y in the forwa rd or backwa rd directions .

In order to examine quantitatively the accuracy  of these and other angular

app roxima ti ons , we now consider a si tuation where the Boltzmann equation

has a closed f o r m  solution in the limit of hi gh electron energy.  The cross sections

are  assumed to be constant and isotrop ic. The total inelast ic cross  section

is denoted by 
~ h and the total elastic cross  section by Q .  The Boltzmann

equation can then be writ ten ,

F I
~~~ 

,~~~~\ 
_ _ _ _ _e cos e I,,,— + -

~
- .) = ..Qf + f ~~ + 

1 1 (~ + E ) Q ( c  + C ) ( 1 )N :-~ -~~ o e o h h h

w h e r e  Q = ~ + and the other symbols are defined as in Section 4. 1.
Along the ch arac ter i s t i~. 1wher e cc + ~ is equal to th e maximum energy of
e lect rons  emitted by the cathode , there are  no in - sca t t e rod  electrons and the
last term in Eq. ( 1 )  vanishes . ( This term is also neg li g ible in the hozn o-

geneous case when E /N  is small or Q is large. ) Considering f as an explicit
function of ~ alone , we can wri te  Eq. ( 1 ) as ,
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e -
~~~

- cos 8 -
~~~~ _Qf + f Q ( 2 )N o e

The partial derivative in ( 2 )  can be expressed in the coordinate system
(e , x )  where C = ~/co s

2 
8 is the total energy and x = cos 8, i. e.

of l - x 2 Ofcos 8 -
~~~~ = x -

~~~~ +

At high energ ies the second term on the right is negligible compared to the
f i r s t  except in a small angular range around x = 0. Therefore, we can write
Eq. ( 2 )  in the asymptoti c limit as ,

f 1

X = -f + j~- f f dx (4 )

where u = NQE/eE.

The solution of this equation has the form

f(u,x) = g(u) h(x)

where the functions g and h satisf y

(5a)g Ou
and

1

j~~f
hdx = ( l - ax ) h  (5b)

The constant 0. must be positive to meet the boundary condition, f -‘ 0,
at infinity.

The solution of Eq. (5) is

-a ug(u) = e
and Q / Q

h(x ) = 

1~~~ax
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with the condition that hdx = I . This last equali~~ fixes a so that

there is a single , well-defined function describing the electron energy dis-

• tribution,

• Q IQe -au 16f(u , x) = e
1 - a x

with a g iven by a = ~~~~~~~~ ln ( ~ ~ ~). Thus, in the asymptotic limit, the

distribution approaches a Maxwellian form with temperature T
e 

eE/N

The angular dependence exhibits a peak in the forward direction which becomes

sharper as a -
~~ 1. The dependence of a on 

~h
”
~~e 

is given in Table I.

Table I

Q /Q 0. 1. 0. 3 1.0 10.
h e

a 0. 5030 0. 7521 0. 958 0. 999 1

0.542 0.92 1 1.566 2.727 3

f
2
/f 0.195 0.561 1.586 4.318 5

f If 0. 060 0. 305 1. 427 5. 834 7
3 0

f ff 0 , 156 1.211 7. 295 9
4 0

f if  0.073 0.987 8.717 115 o
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Another method of solving Eq. (4)  would be to multi ply by successive Legendr e
polynomials and integrate over x to obtain the following series of equations ,

Of Q1 1 e
+ f f (7a)

Of Of
—~~- —~~ + + f = 0 (7b)5 Ou O~i 1

Of Of

-+ .~—i + -~~-. -~~—~~ + f
2 

= 
~~ . . . . (7 c)

where the functions f , f
1
, f

2
, . . . are defined by the expansion

f(u,x) = E f (u) P (x). If the series is approximated by the first  two terms,
i.e.~~f~~~0forQ � 2 .  Then the solution of (7)is given by,

—a 1u — a u
£ = e  and f a e  1
0 1 1

where a
1 

=

This is the P1 approximation commonly used to solve the Boltzmann equation

in the general case of nonconstant cross sections. Once again the solution is

Maxwellian with temperature T = 
eE/N the value of cx

1 app roaches the exact
e

result , a , at small values of 0h’~~e In the limit of la rge inelasti c cro ss

• section , a 1 goes to Vi while a goes to 1. Thus , the temper ature in the

tail of the distribution may be off by as much as a facto r of ~f T
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If th ree ter m s a r e retained in the angula r expansion of f , the solution of (7

is given by

• - a u  a
2 -U 2 u

f = e  I = e
0 1 4 21 - _i-

~
- o

�

a 2 - a u

~~ 
~~~~~~~~~~~~~~~~~~~~~~ 

e 2

I 3 Q 1 Q
where a

2 
= 

h 
. This is the P2 approximation.

V

Note that a2 approaches ~~ 5/ 3  for  large

In order to see how well these approximations represent the exact distribution,

we have expanded the function in Eq. (6) in a Legendre series. The coeffi cients

of this series are g iven in Table I for a number of values of Q /Q . The
h e

coefficients of the truncated expansions are given in Table II along with the

appropriate a values. As the inelastic cross section increases relative to Q ,

more terms are required in the angular expansion to adequately represent the

distribution function. This is because the distribution is becoming more and

more peaked in the fo rwa rd direction. In the limit as 
~h 

-‘ ~~, the angular

distribution approaches a delta function which has the Legendre coefficients

1,3,5, . . . , Z Q  + 1 , .

Table II

0., 1 0, 3 1. 0

P1 P2 _ P1 P2 P1 P2

a 1 2 0. 522 0. 516 0. 832 0. 764 1. 224 1. 035

f I f  0.522 0.541 0.832 0.905 1.224 1.449
1 0

f If 0. 182 0. 46 1 1.000
2 o
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Before  leaving the angula r expansion technique , it is interesting to compare
the infinite series solution with the exact solution obtained by separation of
variables. By a process of successive substitution, it can be shown that the
equations ( 7 )  are satisfied by functions f~ which have a common exponential
factor exp(-a~~u) , where a~~ is given by the continued fraction,

—~- l  / 
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _- c~~ 

~ 
i~~~f a ~~

( 
_ _ _ _ _ _ _ _ _ _ _ _1 -~~~~~~~ a~~

( a 
4 / 7a~l _

9 ~

In this expression the two series are

1 2 3 4 ... n
— , _ , — S

3 5 7 9 2 n + l

2 3 4 .. .  nand 1, , 7 , 2 n - l

The value of found in this way is equal to the exact value, a , given pre-

viously. Therefore, the solution using the Legendre expansion approaches the

exact asymptotic solution as more and more terms a re  included .

Another very simp li f ied  approach in dealing with angula r velocity distributions

is to divide the e lectrons into two groups. One moving with the electric field

and the other moving against it. This type of a distr ibution is most nearly

realized in the cold cathode reg ion of a g low d ischarge  where the scattering

of hig h ene rgy e lectrons  is predominantly forward  or backwa rd and the inelastic

cross sections are  compa rable to the elastic. This is also precisely the regime

in which the Legendre expansion has the most trouble converging. In this case ,

the Boltzmann equation is writ ten as follows ,
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E .-

~~

— = ..(Q + 

~ h~~+ + ~~~~~ (8a)

!~ .. *:. = - ~~~f+ 
+ (Q + (8b )

where Q is the cross section for elastic backscattering. For equal forward

and backward scattering, Q~ = Q /2. Notice that the cross section for for-
e e

ward scattering does not appear at all in the equations. Only the backscattering

and inelastic collisions are significant in shaping the distribution function.

The solution to Eqs. (8) in the asymptotic limit is

= e~~~

/ ~ h -Bu
f + L = 

V Z Q + Q h 
e

where B = IQ. (2Q + Q )  IQ and u = NQE/eE as before. Once again the
n e h

distribution approaches a Maxwellian at high energy. This time the cpef-

ficient of u in the exponent goes to 1 as 
~h
’
~~e 

increases just as in the exact

asymptotic solution. However, for small values of ~ h’~~;’ the approximation

is not as good as P1. This is because of the conflicting assumptions of isotropic

scattering in the one case and forward-backward scattering in the other. 
For

real gases at energies above 10 eV, the cross sections are mpre nearly 
des-

cribed by the latter assumption.

It would be useful to establish a crite rion for  terminating the angular expansion

which would result in a good approximation to the distribution function. If we

require that the term which is dropped in the series of Eqs. (7) be less than

10% of those remaining, then the c riterion for using the 
~n approximation is

f
_~!~• + 1  < 0 1  n ( Z n + 3 )

— 

‘ (n + l)(2n — 1)
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Using Table I, we see that P1 is a good approximation for 
~ h

’
~~e 

� 0. 1 while

at least seven terms must be retained for 
~ h’~~e 

= 0. 3. With larger inelastic

cross sections the c riterion is never satisfied.

An alternative condition is to require that f 1/f in the truncated expansion

be within 5% of the exact asymptotic value. This criterion is satisfied for

P1 at Q /Q = 0. 1, for  P2 at 0.3 , and for  P3 at 1. The error  in 0., which
h e

goes as one ove r the electron temperature, is about equal to the error  in

which is proportional to the drift velocity of the high energy electrons.
• Thus , the electron transport coefficients are much more accurately predicted

• 
by the expansion method than are the angular distributions themselves.
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GLOSSAR Y

a Subscript denoting attachment

a Attachment Rate

Elect ron acce leration vec tor

A
2 

Coeff icient s for Legendre expansion

Magnetic field vector

c Electron velocity vector and magnitude

• c Heat capacity per unit mass

c y-component of electron velocity

C Molecula r velocity vector and magnitude

d Detachment rate

d Anode-cathode separation

d~ Cathode fall thickness

Normal cathode fall thickness

e Absolute value of elec t ron ic charge

~~~~, E(y)  Electric field vector and magnitude

E Electric field at cathode surface
0

f Electron distribution function

f Distribution of electrons moving with and against  the e lec t r ic  field

Current  distribution at anode: 1A f(e , y = d) e

f Isotropic distribution function

1/’
F A 

Probability distribution at anode: FA = f(e ,y  d) c

g Magnitude of relative velocity
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h Subscri pt denot ing ine las t ic  co llisions

h° Stagnation enthalpy

i Subscript denoting ionization

I Radiation intensity at cathode

j Total current density

Electron and ion current  density

in Normal current density

k Boltzmann ’s cons tant

K In-scattering operator

Ke 
In-scatte ring operator for  e1a~~t’ . co llisions

m Electron mass

m+, m Ion masses

M Mach number

M Molecula r mass

n , n +,
• n_ Electron and ion numbe r densities

• N Neutral number density

N ’ Neutral excited state density

p Press u re

p R educed pressure

Discharge power density

P
2 

Legendre polynomials

q Heat flux

• 
. 

h eat flux at edge of cathode

4
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Q Total collision cross section

Q Rate of heat addition

Q Total attachment cross section
a

Q Total elastic cross section
e

Total inelastic cross section

Q Total ionization cross section
1~

Q Total recon-ibination cross section
r

r Subscript denoting recombination

Position vector

r Electron-ion re combination coefficient
e

Ion-ion recombination coefficient
1

s Subscript denoting superelastic collisions

S External ionization source te rm

t Time

t Thickness of cathode

T Gas temperature

T Adiabatic wall tempe rature
a

T Temperature of back face of cathode

T Temperature of front Lace of cathode
w

T~ Free stream temperature

u, v Flow velocities in x, y directions

U Free stream velocity
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V~ Ion drift velocities

V Electron drift velocity

V Cathode fall potential

Vn Normal cathode fall potential

W Electron drift velocity

x Position coordinate in flow direction

y Position coo rdinate parallel to electric field

Y~~ Spherical harmonics

z Ionization rate

a Town s end ionization coefficient

y Polar scattering ang le

Secondary e lec t ron emiss ion coe ffi cient

Vph Photoelectric ef f ic iency

Boundary layer th ickness

Boundary layer d i sp lacement  thickness

Thickness of lami :-t a r  suh i ave r
£

Total kinet ic  e n e r :v

£ E lec t ron  mean ene r~ v

Energy  lost in ine las t ic  coll ision

Energy lost in ion iz ing  coll ision

Pe rmittivity of f r ee  space

e Ang le between electron velocity and -i~
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Thermal  conduct ivi ty  of cathode

Thermal  conductivity of gas

Coefficient  of viscosity

Electron mobility

Kinematic viscosity

Ion collision frequency

Kinet ic  energy in field direct ion

Gas Density

F ree s t ream gas density
e

Dif f erential elas t ic cross sec t ion
e

Dif fe ren t ia l  inelastic cross  section

Recombination cross  section
r

Shear s t ress

Charac t e r i s t i c  t imes for  gas heat ing in the cathode sheath

Electron potent ial  en ergy  or field potential

Wor k funct ion  of cathode ma te r i a l
w

Azimuthal  ang le  fo r  e l ec t ron  v e l o c i t y

Viscous  dissi pation func t ion

Azimuthal  sca t t e ring  ang le

Solid amzle for  s c a t t e r i ng
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